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Pawińskiego 5B, 02-106 Warsaw, Poland
E-mail: cames@ippt.pan.pl, URL: https://cames.ippt.pan.pl

Typesetting in LATEX: Katarzyna Jezierska Graphic design cover: Mirosław Dziewoński
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This work focuses on the development of computational techniques for processing dielectric
measurement data, particularly those from broadband dielectric spectroscopy. A novel
approach is formulated and tested for software implementation, enabling the selection of
parameter sets for known dispersion models used in analyzing complex dielectric spectra
of heterogeneous materials.
The proposed algorithm divides the wide frequency range of measurements into shorter
subranges corresponding to distinct observed dispersion regions. These regions are iden-
tified using one (or more known phenomenological relaxation models via least-squares
methods (LSMs), deconvolution, and other techniques.
Testing of the algorithm on the frequency-dependent complex dielectric permittivity of
varistor ceramic materials demonstrated satisfactory accuracy and physical consistency
of the results. These findings highlight the efficiency and potential of the proposed ap-
proach.

Keywords: dielectric spectroscopy, data processing, algorithm, complex spectrum, ZnO
ceramics.
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1. Introduction

In materials science, dielectric spectroscopy has long been a fundamental in-
vestigative tool for understanding the electrical and chemical structure, as well
as the physical properties, of heterogeneous substances and objects [1, 2]. This
method is extensively used in the development and application of various hetero-
geneous electronic materials (ceramics, glasses, composites) [3–5], the synthesis
of new materials based on organic polymers [6–8], and the study of biological
and medical objects [9–11].
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Modern measurement systems allow for highly accurate investigation of the
dielectric properties of various physical media across a wide range of frequencies
and temperatures. Fully automated spectrometers have two significant implica-
tions [12]:
– the need to handle vast amounts of data,
– the ability to model using sums of relaxation functions.
In broadband dielectric spectroscopy, the complex dielectric permittivity

(CDP) is determined at specific measurement frequencies. As the spectra are
discrete datasets, only numerical approximations can be used. The accuracy of
the selected mathematical methods significantly influences the assessment of the
models’ suitability [13]. Therefore, the processing and analysis of experimental
data remain pressing tasks to this day.
The development of universal algorithms and software for processing and

analyzing dielectric measurement data is typically based on well-known models
of frequency dispersion of dielectric permittivity, such as the Debye formula or
its phenomenological generalizations, including the Cole–Cole, Davidson–Cole,
and Havriliak–Negami models [1, 14–16].
A key feature of these models is their versatility, which allows for multi-

purpose applications, including:
– analytical representation of experimental data for more accurate descrip-
tions,
– interpretation of the parameters of these relationships and their dependen-
cies on various factors, based on specific physical models of polarization
processes in various materials and objects,
– derivation of information about general parameters of heterogeneity in
dielectric relaxation processes, such as the distribution of relaxation times
and the shape of this distribution.
The methodology for processing and analysis based on generalized mod-

els using sums of relaxation functions, rooted in the additivity of polarization
processes, represents a significant advancement in the dielectric spectroscopy
method [1, 2, 17, 18]. Nevertheless, the individual characteristics of the relax-
ation processes in different materials and objects remain a significant factor
hindering the development of universal algorithms and the implementation of
computer technologies in this area. A potential solution may involve grouping
materials and objects with similar polarization process sets and developing al-
gorithms and software templates tailored to these groups.
It should be noted that the most well-known mathematical procedure for

selecting a model of dielectric relaxation processes is the least-squares method
(LSM), which enables the determination of all model parameters [19–21]. How-
ever, for complex spectra, this entails minimizing a multi-variable function,
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which is a sum of several relaxation functions. Each relaxation function may
involve two (Debye model) to four (Havriliak–Negami model) adjustable pa-
rameters and may not be unimodal. Additional challenges arise when processing
overlapping dispersion regions.
To address the complexities of processing and analyzing intricate dielectric

spectra, a decomposition-based approach shows potential:
– dividing the initial wide-frequency experimental spectrum into shorter
subranges where dispersion dependencies are present. These dependencies
might be represented as declining (low-frequency dispersion regions) or as-
cending (high-frequency dispersion regions) functions, which may not be
fully captured in the available data;
– sequentially processing these shorter spectrum segments, beginning with
the extremes and considering their impact on adjacent dispersion regions;
– utilizing theoretical insights into relaxation processes in the material or
object to guide the selection of these frequency subranges and initial ap-
proximations for the parameters of the chosen approximating models.
This approach enables the application of the LSM for analyzing each specific

frequency segment, the use of deconvolution procedures to determine relaxation
times in overlapping dispersion regions [22–24], and the application of Kramers–
Kronig relations to account for through-conductivity (via direct current), among
other established methods [25–30].
In this study, we explore the application of this approach to the develop-

ment of an algorithm for processing and analyzing dielectric spectra of het-
erogeneous materials. For validation, dielectric spectra of high-voltage varistor
zinc oxide (ZnO) ceramics were utilized as experimental data over a broad fre-
quency range.

2. Broadband dielectric spectrum model
and data processing algorithm

Based on established concepts of the linear additive nature of contributions
from individual dielectric relaxation processes to a complex broadband spec-
trum [1, 2, 17, 18], the model expression for the entire frequency range can be
represented as a sum of corresponding elementary models. Within the approach
discussed here – dividing the initial wide frequency range of the dielectric spec-
trum into shorter subranges – the generalized model for the frequency dispersion
of the CDP over the entire range can be expressed as:

ϵ∗ (f,M ) = ϵh +
R∑

i=1

Ni∑

j=1

[
ϵ∗i,j
(
f,M

⟨j⟩
i

)
− ϵ

(h)
i.j

]
, (1)
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where R is the number of subranges; Ni is the number of elementary models in
the i-th subrange; ϵ∗i,j

(
f,M

⟨j⟩
i

)
and ϵ(h)i.j are the j-th elementary model for the

frequency dispersion of CDP in the ith subrange and its high-frequency (post-
dispersion) value for the real part, respectively; i (i = 1, ..., R) and j (j = 1, ..., Ni)
are its indices; f is the frequency; M ⟨j⟩

i is the set of parameters for the elemen-

tary model (including the relaxation time τi,j , the difference ∆i,j = ϵ
(l)
i.j − ϵ

(h)
i.j ,

where ϵ(h)i.j is the high-frequency value and ϵ
(l)
i.j is the low-frequency value of the

real part of the CDP and other parameters. Thus, M ⟨j⟩
i = {τi,j , ∆i,j , αi,j , βi,j

(where, depending on the selected mode, the parameters α and / or β may be
absent); M is the set of parameters for the generalized model; ϵh is the high-
frequency value of the real part of the CDP for the highest-frequency dispersion
region.
The mathematical implementation of the considered approach for computer

processing and preliminary analysis of dielectric spectra can be represented by
the following algorithm:
1. Determination of clearly distinguishable separate dispersion regions in the
initial experimental frequency dependence of the imaginary part of the CDP,
i.e., identification of R frequency subranges between the minima of the
dielectric loss coefficient ε′′.

2. Selection of models and determination of initial approximate parameter
values for the extreme left and right subranges (i = 1 and i = R) directly
from the processed experimental dependencies.
In particular, using the experimental values of the maximum of the
imaginary part of the CDP ε′′(fmax), for the considered subrange and
the corresponding frequency fmax, it is possible to estimate the initial ap-
proximate values of the relaxation time τ (0) = 1/(2π · fmax1) and the ab-
solute magnitude of the dispersion amplitude of the real part of the CDP
∆(0) =≥ 2 · ε′′(fmax1) (the indices of the dispersion region i and j are
omitted for simplicity).
It should be noted that in some cases an appropriate value for ∆(0) can
also be directly determined from the experimental frequency dependence of
the real part of the CDP as ∆(0) = εl0−εh0, where εl0 and εh0 are the low-
frequency (static) and high-frequency values of the real part of the CDP,
respectively.
In the case of broadened (overlapping) dispersion regions, it is advis-
able to apply deconvolution methods [22–24] to separate them and de-
termine the initial values of the dielectric relaxation times. If complete
data on a dispersion region are not available, it is permissible to use
prior values for the model parameters based on known literature data and
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physical concepts of the relaxation process under consideration. The re-
maining parameters are chosen arbitrarily within the range of permissible
values.

3. Approximation of the extreme left (i = 1) and right (i = R−1) dispersion
regions of the selected models using the LSM and determination of more
accurate parameter values for the models, which ensure the minimal ab-
solute error of the LSM target functions [31] in these ranges, is performed
as follows:

Φi

(
fk,M

⟨1⟩
i ,M

⟨2⟩
i , ...,M

⟨Ni⟩
i

)

=

Ki∑

k=1



log ε′′k − log




Ni∑

j=1

ϵ′′i,j
(
fk,M

⟨j⟩
i

)






2

→ min, (2)

where ϵ′′i,j
(
fk,M

⟨j⟩
i

)
= −Im

[
ϵ∗i,j
(
fk,M

⟨j⟩
i

)]
; Ki is the number of exper-

imental points in the i-th subrange (i = 1 or R). The value Ni ̸= 1 in
cases of overlapping dispersion regions in a single subrange and when the
deconvolution procedure is applied for their separation.

4. Correction of the experimental dependencies ε′′k(f) for internal subranges
(i = 2, 3, ..., R − 1) is performed by subtracting from them the corre-
sponding calculated values of the imaginary part of the CDP, obtained by
extrapolating analytical expressions of models already identified in previ-
ously processed dispersion regions:

ε′′k
∣∣
i=2...N−1

= ε′′k −




N1∑

j=1

ϵ′′i,j
(
fk,M

⟨j⟩
i

)
+

NR∑

j=1

ϵ′′i,j
(
fk,M

⟨j⟩
i

)

. (3)

5. Sequential repetition of the operations described in the previous two steps
using the corrected data allows determination of the parameter values of
the selected models for internal subranges (i.e., approximation of the ex-
treme left and right subranges i = 2 and i = R− 2, followed by i = 3 and
i = R− 3, and so on).

6. Final refinement of the parameters of the generalized additive model (1)
for the entire range of the initial experimental broadband dielectric spec-
trum with K points is performed by minimizing the LSM target function
as follows:

Φ (fk,M) =

K∑

k=1

{
log ε′′k − log [ϵ′′ (fk,M )]

}2
,

where ϵ′′ (f,M) = −Im {ϵ∗ (f,M )}.
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7. Error assessment of the approximation for the frequency dependencies of
the real and imaginary parts of the CDP can be performed using the
ratio of the root-mean-square deviation to the mean value of the exper-
imental dependency (the coefficient of variation of the approximation):

v(x) =

√√√√
{

K∑

k=1

[
ε
(x)
k − ϵ(x) (fk,M)

]2/
(K − 1)

}/
K∑

k=1

ε
(x)
k /K, (4)

where (x) corresponds to ‘double prime’ (′′) for the imaginary part and
‘prime’ (′) for the real part of the CDP, and ϵ′(f) = Re {ϵ∗ (f,M )}.

3. Processing of broadband dielectric spectroscopy data
for ZnO-based semiconductor ceramics

This section examines the implementation of the formulated approach for
processing the complex broadband dielectric spectrum of a heterogeneous semi-
conductor material – varistor ZnO-based ceramics – as a demonstration of its
applicability.
This material’s structure is characterized by a dielectric interlayer [32, 33].

In the frequency dependencies of the real ε′ and imaginary ε′′ parts of the CDP,
several dispersion regions are observed, typical for heterogeneous systems of this
type [34–37]:
– a maximum (or decrease), at low and infralow frequencies f < 102Hz
region (I), associated with the capture of electrons from ZnO crystallites
into their ‘slow’ surface electronic states;
– a broadened maximum ε′′ at intermediate frequencies (104 to 106Hz),
interpreted as the superposition of two relaxation processes: hopping of
weakly bound charged particles (electrons) in the intracrystalline phase
(II ) and recharging of bulk trap levels in ZnO crystallites (III ).
– high-frequency behavior: a decrease in ε′ and an increase in ε′′ in the
range f > 107Hz region (IV ), caused by Maxwell–Wagner separation of
free charges in ZnO crystallites.
The frequency dependence of ε′′(f) is shown in Fig. 1.
As seen in Fig. 1, the entire frequency range of the experimental dielectric

spectrum can be divided into three subranges: low and infralow frequencies
(dispersion region I), intermediate frequencies (regions II and III ), and high
frequencies (region IV ). The procedure for applying the formulated algorithm
to each of these subranges is presented subsequent.
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Fig. 1. Experimental frequency dependencies of the imaginary part of the CDP of ZnO-based
ceramics (triangles) and the results of approximation for its low- and high-frequency regions

using the Cole–Cole and Debye models (dashed lines).

3.1. Subrange of low and infralow frequencies

When determining a model for the relatively broad dispersion region 1,
its association with the recharging of surface electronic states, which exhibit
significant statistical variability in physical parameters, must be considered.
The Cole–Cole model is chosen as the most appropriate to describe the en-
tire range (case – N1 = 1) of region 1. In the previously established notation, it
has the following form:

ϵ∗1,1
(
f,M

⟨1⟩
1

)
= ϵ

(h)
1.1 +

∆1,1

1 + (j2πfτ1,1)
α1,1

, (5)

where M1
1 = [∆1,1, τ1,1, α1,1] are its parameters.

The initial approximations for the parameters of formula (5) were chosen
using the maximum value of the experimental frequency dependence of the
imaginary part of the CDP · ε′′(fmax1) and its corresponding frequency fmax1 :
τ
(0)
1,1 = 1/(2πfmax1) and ∆

(0)
1,1 ≥ 2ε′′(fmax1), and also accepted α

(0)
1,1 = 0.5.

The identification of model (5) for the data of subrange 1 was carried out us-
ing the LSM with expression (2). The sequential simplex method (SSM), one of
the simplest yet effective optimization techniques, was employed to find the min-
imum [38–40].
The procedure for implementing the SSM consisted of the following steps:
1. Determination of target function values (2) for (m+1) vertices of a convex
figure (simplex) in m-dimensional space (in this case, m = 3) is performed
by calculating the coordinates (model parameters) of the vertices using
the following formula:

xij = x0j +Xij ·∆xj , (6)
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where x0j and ∆xj are the initial value and the variation step of the j-th
variable in the natural coordinate system, i = 1, ...,m; j = 1, ...,m+1; Xij

is the coded value of the j-th variable for the i-th vertex, calculated as:

≥ Xij =





−
[

1

2j(j + 1)

]1/2
, i < j + 1,

[
j

2j(j + 1)

]1/2
, i = j + 1,

0, i ≥ j + 1.

2. Sequential exclusion of the simplex vertex with the worst target function
value, replacing it with a new (reflected) vertex with coordinates:

x
(ref)
kj =

2

n

n+1∑

l

xij −
(
2

n
+ 1

)
· x(excl)ij . (7)

As a result, a new simplex is obtained, where the excluded vertex is re-
placed by a new vertex obtained by reflecting the excluded vertex relative
to the opposite face of the initial simplex. The worst vertex is replaced in
the same manner. If the vertex with the minimum target function value
remains unchanged, any vertex of the last simplex is selected as the center
of the plan, and the variation step is reduced. This process is repeated
until the step becomes smaller than the permissible error for determining
the coordinates.
The initial approximations and refined parameter values of the model are

provided in Table 1, and the visual results of model identification are shown in
Fig. 1.

Table 1. Parameters of models approximating the experimental dielectric spectrum.

Subrange
Dispersion region
in Fig. 1

Initial approximations
of model parameters

Clarified values

Number Model τ (0), c ∆(0) α(0) τ , c ∆ α

1 I Cole–Cole 1.1 · 103 1.65 · 103 0.5 77.2 2.53 · 103 0.49
2 II Cole–Cole 8.4 · 10−6 10.1 0.05 8.04 · 10−7 9.85 0.017

2 III Cole–Cole 1.5 · 10−6 8.1 0.05 8.41 · 10−8 4.59 0.029

3 IV Debye 1· 10−9 1.84 · 102 – 2.40 · 10−10 1.84 · 102 –

3.2. High-frequency subrange

The high-frequency rise in the dependence ε′′(f), observed in subrange 3,
corresponds to the initial segment of dielectric dispersion caused by Maxwell



Algorithm for Processing Broadband Dielectric Spectroscopy Data... 93

relaxation of free charges in conductive inclusions within a dielectric matrix [35].
This process typically exhibits a narrow distribution in relaxation times and can
be described using the Debye model

ϵ∗3,1
(
f,M

⟨1⟩
3

)
= ϵ

(h)
3,1 +

∆3,1

1 + j2πfτ3,1
, (8)

where M (3) = [∆3,1, τ3,1].
Given the lack of complete experimental data for this dispersion region,

it is advisable to rely on physical concepts and literature data about this re-
laxation process when selecting initial approximations for the parameters in
expression (8). This corresponds to the highest-frequency region (fmax4 ∼ 109

and above [35, 37, 41]), and an initial approximation for the relaxation time
can be estimated as τ (0)3,1 = 1/(2πfmax4). The post-dispersion real part of the

CDP ϵ
(h)
i.j = ϵh can be estimated as the relative dielectric permittivity of the

material with a heterogeneous structure and a larger volume fraction of ZnO
(ε′ ≈ 10) [35, 42].
It should be noted that the parameter ∆(0)

3,1 can be directly determined using

the formula ∆(0)
3,1 = ϵ

(l)
i.j − ϵ

(h)
i.j , where ϵ

(l)
i.j is the pre-dispersion value of the rela-

tive dielectric permittivity, which can be derived directly from the experimental
dependence of the real part of the CDP.
The identification of model (8) for the experimental data of subrange 3 was

carried out in a similar manner to that described for subrange 1, using the
previously described SSM procedure (see Table 1 and Fig. 1).

3.3. Subrange of intermediate frequencies

When processing the data for the dispersion region in the intermediate fre-
quency subrange, where an asymmetric broadened maximum of the imaginary
part of the CDP is observed, the experimental spectral dependence ε′′(f) must
first be corrected according to expression (3). Considering the broadened shape
of this maximum and the physical concept of two relaxation processes present in
this frequency range, the initial values of the relaxation times were determined
using the deconvolution method described in [22].
To apply this method, the corrected experimental dependence in the in-

termediate frequency subrange was represented analytically as ε′′(r), where
r = log (f0/f) and f0 = 1Hz is a constant reference frequency. The Cole–Cole
formula was used as the model for dielectric dispersion in the corresponding
regions.
In this case, the distribution function of relaxation times G(τ) as a function

of the generalized coordinate s = log (τ/τ0), where τ0 = 1/(2πf0) is an arbitrary
value, has the form:
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G(s) =

∞�

−∞

ϵ′′(r)T ′′(s− r)dr. (9)

Here, the function T ′′(r) is defined as

T ′′(r) =
16k

π

∞�

0

W̃ (p) cosh

(
π2p

k

)
cos (2πpr) dr,

which is derived in [22] based on the general expression for the CDP in terms
of a convolution equation with the relaxation time distribution function and its
solution via direct (denoted by a tilde) and inverse Fourier transforms, using
the Kaiser–Bessel digital filtering window:

W̃ (p) =





I0

[
πa
√
1− (p/pm)2

]

I0 [πa]
, |p| ≤ pm,

0, |p| > pm,

where I0(x) =
∞∑
k=0

[
(x/2)k

k!

]2
is the modified Bessel function of the first kind and

of order zero.
For the analysis, the recommended window parameters were used: pm = 3

(window width parameter) and πa = 2 (a is a non-negative real number deter-
mining the window shape) [43].
Figure 2 presents the results of applying the described deconvolution pro-

cedure to the experimental frequency dependence of the imaginary part of the
CDP in the intermediate frequency subrange shown in Fig. 1.

Fig. 2. Relaxation time distribution function obtained for the experimental frequency depen-
dence of the imaginary part of the CDP (Fig. 1) in the intermediate frequency subrange. The

identified peaks correspond to dispersion regions II (1 ) and III (3 ) in Fig. 1.

As seen in Fig. 2, the dependence can be associated with two relaxation pro-
cesses characterized by relaxation times τ (0)2,1 and τ

(0)
2,2, which are subsequently
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used as their initial values (Table 1). The parameters ∆(0)
2,1 and ∆

(0)
2,2 are esti-

mated using the earlier expression τ∆(0)
i,j ∼ 2 · ε′′|

f=1/2π
(0)
i,j

.

The additional parameters α(0)
2,1 and α

(0)
2,2 for the Cole–Cole model are chosen

arbitrarily (using trial methods aimed at improving calculation efficiency).
Refinement of the parameters of the selected approximation models for the

identified dispersion regions is performed by fitting the models to the experi-
mental data using the LSM, which involves minimizing the target function given
by expression (2). The results obtained are shown in Fig. 3 and Table 1.

Fig. 3. Experimental frequency dependence of the imaginary part of the CDP of ZnO-based
varistor ceramics (triangles) and approximations of its individual dispersion regions using se-

lected phenomenological models (dashed lines).

3.4. Model parameters for the entire frequency range

Based on the analysis conducted, the experimental frequency dependence
of the imaginary part of the CDP over the entire investigated range can be
described by four relaxation processes. The appropriate analytical mathematical
model (1) consists of the sum of three dispersion expressions corresponding to
the Cole–Cole model and one Debye formula.
It should be noted that further refinement of the parameters of this additive

model for the entire range of the experimental dielectric spectrum, following
the general algorithm described earlier (Sec. 2), provided estimates of all its
parameters. These values differed only slightly from those obtained earlier when
processing each relaxation process individually in its respective frequency sub-
range. The refined values are presented in Table 1.
The results of applying this processing and preliminary analysis method to

several experimental dielectric spectra of ZnO-based varistor ceramics are shown
in Fig. 4.
The approximation error estimates for the frequency dependencies of the real

and imaginary parts of the CDP, based on formula (4), yielded values v ≤ 10%.
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Fig. 4. Frequency dependencies of the real ε′ and imaginary ε′′ parts of the CDP of
ZnO-based varistor ceramics, fabricated at synthesis temperatures TC , K: 1, 1 ′ – 1173;
2, 2 ′ – 1423; 3, 3 ′ – 1573 (symbols of different shapes), and the results of approximation
using the generalized additive model for the entire investigated range (dashed lines).

4. Conclusions

An algorithm for processing and analyzing complex dielectric spectra over
a wide frequency range has been proposed. The algorithm includes:
– dividing the entire frequency range into several shorter subranges corre-
sponding to separate observable dispersion regions;
– identifying each of these subranges into the experimental spectrum using
one of the well-known elementary phenomenological relaxation models,
sequentially, starting from the extreme dispersion regions and accounting
for their influence on adjacent internal regions;
– refining the parameters of the generalized additive model, which repre-
sents the sum of elementary models for the selected subranges, using the
complete experimental broadband dielectric spectrum and the LSM.
The developed algorithm was tested by processing the frequency dependen-

cies of the CDP of ZnO-based varistor ceramic materials. The results showed
satisfactory agreement with existing physical concepts and demonstrated the ef-
ficiency and potential of this approach for developing computer technologies for
processing and preliminary analysis of experimental dielectric spectra of a wide
range of heterogeneous materials.
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Earth’s natural resources are finite, which is why engineers and scientists are increasingly
directing their efforts toward the extraction of materials from celestial bodies. Beyond the
extraction itself, however, a major challenge lies in the localization of valuable substances
and the assessment of their quality in situ. In this article, we present a flexible and robust
method for estimating the content of selected components in heterogeneous mixtures us-
ing RGB image processing. The proposed multi-input deep learning approach, equipped
with a shared lightweight convolutional neural network (CNN) backbone, achieves high
prediction accuracy, with a root mean squared error (RMSE) of (0.190 ±0.024)%. The
framework supports a variety of backbone architectures, including lightweight models,
making it suitable for deployment on edge devices such as planetary rovers. Furthermore,
the method is inherently adaptable, enabling straightforward extension to other task, for
example, the analysis of more complex mixtures or inference based on multi- or hyper-
spectral imagery.
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1. Introduction

Earth’s resources are finite. Despite increasing awareness of responsible min-
ing and improved resource exploitation, in the near future, humanity will face
the challenge of how to keep up with the growing demand for metals and rare
earth elements (REE) and where to find new deposits [1].
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A natural direction for development and mining exploration is therefore
space. Given current technology capabilities, the most likely candidate for the
new chapter in mining is the Moon. Its crust contains many valuable elements
that, due to their properties and economic importance, will be one of the most
important targets of extraterrestrial exploitation [2]. One such compound is il-
menite, a titanium-iron oxide found in igneous rocks. On the Moon, it occurs
in euhedral to anhedral, blocky, tabular, platy, and skeletal forms in the lunar
maria [3], where its abundance is estimated to be as high as 20% [4]. This is
confirmed by the results of Apollo 11 and 17 missions, where ilmenite was iden-
tified as the third most common mineral in the samples collected [5]. On Earth,
ilmenite is used as the main ore of titanium and is used in the aerospace or med-
ical industries. On the Moon, ilmenite, however, can also be a source of oxygen
used for life support systems or construction materials. Currently used models
for estimating demand and extraction of metals, indicate that under growth
rates higher than those observed today (about 7% per decade), shortages of
some metals, including titanium, could occur in about 50 years [6]. Therefore,
increasingly better classification of deposits (including extraterrestrial sources)
will be critical for sustaining the metals market.
Regolith containing ilmenite serves as an example of a binary mixture. Such

a mixture consists of two – ideally distinguishable – components with one present
in lower abundance than the other. A key characteristic of binary mixtures is
their non-homogeneous nature, meaning their components are not evenly dis-
tributed throughout the entire volume. Instead, local maxima and minima occur,
where the density of one material significantly deviates from the overall average.
This type of non-homogeneous binary mixture is commonly present in natural
environments, both on Earth and on extraterrestrial bodies such as the Moon.
Notable examples include olivine grains in volcanic sands in Hawaii, garnet-
bearing sands in India, and ilmenite particles dispersed within lunar regolith.
The demand for ilmenite is high, prompting scientific interest in locating

and extracting this mineral from the Moon’s surface. In addition to numerous
scientific publications on the subject, several competitions have been organized
to explore how robotic lunar rover simulants can be utilized to study the distri-
bution of ilmenite within the regolith. One such competition was hosted by
the University of Adelaide, with participation from the Scientific Association
of Unconventional Vehicles OFF-ROAD and its flagship initiative – the Project
SCORPIO Mars rover prototype. These initiatives, often organized or supported
by major space agencies, are intended to foster the development and validation
of emerging space technologies for future missions focused on the exploration
and utilization of extraterrestrial resources.
The utilization of lunar resources was first proposed during the develop-

ment of the Apollo program due to considerations regarding the establishment
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of a longer human presence on the Moon [9]. To take full advantage of the raw
materials found on the lunar surface, comprehensive knowledge of their com-
position and distribution is essential. Thanks to missions such as the Lunar
Reconnaissance Orbiter (LRO) and Chandrayaan-1, the lunar surface has been
well explored, and the data obtained from these missions have made it possible
to determine the presence of useful raw materials in lunar regions. Due to their
orbital nature, both spacecraft were equipped with advanced remote sensing in-
struments capable of mapping the surface across multiple spectral ranges [8, 9].
This broad spectral coverage enabled the detection and analysis of surface min-
erals, including ilmenite [10].
Historically, numerous approaches have been employed to detect ilmenite us-

ing spectrometric techniques. Early efforts focused on ultraviolet-visible (UV-Vis)
spectrometers, which were favored due to the distinctive spectral signatures pro-
duced by reflected light [11]. While UV-Vis analysis proved reliable for ilmenite
detection in lunar maria, it lacked universality. Variations in surface coloration
near young craters and in highland lunar regions significantly reduced the relia-
bility of UV-Vis-based methods for estimating ilmenite content [12]. Alternative
methods were developed and deployed during subsequent missions to improve
detection reliability. Notably, the Moon Mineralogy Mapper (M3) instrument on-
board Chandrayaan-1 was specifically designed for high-resolution mineralogical
analysis [9] and played a key role in advancing ilmenite detection capabilities.
Imaging in the visible light spectrum is gaining traction as a cost-effective

method for analyzing the surfaces of extraterrestrial bodies, most often for ter-
rain classification tasks. The processing of such imagery is increasingly sup-
ported by machine learning-based approaches, with convolutional neural net-
works (CNNs) being particularly prominent in planetary surface analysis. For
example, the MarsNet architecture was developed for the detection of geolog-
ical landforms in images captured by the Mars Reconnaissance Orbiter [13].
In another study, rock imagery from the Mars Science Laboratory (Curiosity)
dataset was used to fine-tune a pretrained VGG-16 network, which outperformed
other CNN-based models in classification tasks [14]. Additionally, a deep ensem-
ble CNN was proposed for lunar terrain classification using images obtained from
a lunar rover or its simulator; the network architecture preserved high-resolution
feature maps and modeled inter-channel dependencies, enabling the detection of
subtle terrain variations [15].
Complementary to CNN-based approaches, classical machine learning meth-

ods have also demonstrated effectiveness in extraterrestrial terrain classifica-
tion tasks. For instance, in the analysis of Martian surface imagery using the
MSLNet dataset (comprising 256× 256 RGB patches from the Mastcam in-
strument), researchers extracted multiscale image features – including gradient-
based, edge-strength, and frequency-domain descriptors – specifically tailored to
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Martian geology. These hand-crafted features were subsequently evaluated us-
ing k-nearest neighbors (k-NN), support vector machines (SVM), and random
forest (RF) classifiers, with the latter showing competitive performance [16].
Several rover missions have been equipped with microscopes or other close-

up imaging systems [17–19]. Using these existing optical capabilities to estimate
ilmenite content in regolith samples offers significant advantages. Most notably,
it eliminates the need for additional specialized hardware, thereby reducing de-
velopment and manufacturing costs. Furthermore, it improves mass efficiency,
as these optical systems already serve multiple scientific and navigational pur-
poses [20, 21]. By utilizing existing hardware, current and future rover plat-
forms [22] could be adapted to perform in situ mineral content analysis with
minimal modification.
This article presents the outcome of a collaborative effort aimed at developing

a fully functional machine learning model capable of estimating ilmenite content
in regolith samples collected using the Universal Land Exploration Platform
(ULEP) mounted on the SCORPIO Infinity rover (Fig. 1).

Fig. 1. The SCORPIO Infinity rover, equipped with the ULEP, analyzes the composition
of a regolith sample.

The authors propose a multi-input model utilizing an existing lightweight
CNN architecture as an encoder, enabling rapid analysis of images acquired by
the onboard acquisition system. A key benefit of the proposed method is its low
computational complexity. The algorithmic workload is modest sufficiently to be
executed on standard onboard central processing units (CPUs), eliminating the
need for high-performance processors or external computation resources. This
is particularly advantageous in extraterrestrial missions, where bandwidth and
communication delays with Earth are severely limited. As a result, the entire
analysis pipeline can be conducted autonomously onboard the rover, enabling
rapid decision-making and more efficient exploration workflows.
The developed method is highly flexible and scalable, as it supports the use

of different encoding backbones and can be conveniently adapted to the require-
ments of a given task. Beyond ilmenite detection, it can be extended to other
material types and to multi-component mixtures, formulated as multi-output
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regression problems. Most importantly, the architecture is naturally suited for
adaptation to multi- or hyperspectral imaging.

2. Materials and methods

2.1. Problem definition

Although orbital spectroscopic instruments provide data that enable the
mapping of ilmenite-rich regions on the Moon, this information alone is insuf-
ficient for the effective selection of an optimal mining site. The main problem
remains the accurate identification of locations with the highest concentration of
ilmenite within the lunar regolith. This parameter is critical because the success
of such a lunar in situ resource use (ISRU) mission depends on minimizing risks
and failure factors.
Given the high cost and complexity of extraterrestrial missions, the trial-and-

error approach for ilmenite-rich site identifications is not only unprofessional but
also costly and highly inefficient. Without precise data on the concentration of
ilmenite, the risk of performing the mission in suboptimal areas increases, which
can compromise the viability of the mission.
The matter is further complicated by the fact that the lunar ilmenite is

present in a form of non-homogeneous binary mixture with regolith. A simulant
of this mixture, used in this study (ilmenite and regolith from the highlands),
may be found on the back of basaltic marias with high titanium content and
in primary crusts. The Apollo missions studied these sites, where the albedo
of light was lower than in the highlands, but higher than in the maria [23].
In addition, for such mixtures to form, phenomena capable of transferring the
material with high titanium and iron content are needed. Due to the lack of an
atmosphere on the Moon, thermal erosion phenomena, or meteorite impacts
and ejecta may be the processes that enable such mixing of these materials [24].
Due to the non-homogeneous nature of the described mixture, standard vision-
based analysis cannot accurately determine the abundance of ilmenite at a given
location.
Therefore, the development of a reliable method for the accurate determi-

nation of the ilmenite content in the regolith is essential. Such a tool would
be a major advancement not only for lunar exploration and ilmenite extraction
but also a groundbreaking solution for the broader field of space mining.

2.2. Data acquisition

The dataset used in this study was constructed from simulant regolith sam-
ples, prepared through a controlled, multi-step process. The initial stage involved
mixing sand and ilmenite using the conical mixing method. This method was
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based on the formation of a cone with both sand and ilmenite, followed by quar-
tering the mixture. Each of the quarters was then mixed separately for about
five minutes to later be recombined into a single well-mixed probe. Samples con-
taining ilmenite at concentrations ranging from 1% to 15%, in 1% increments,
were prepared.
Although the simulant inevitably represents a simplified version of lunar re-

golith, its design was guided by several key physical similarities. Quartz sand
with up to 95% quartz content and a dominant grain-size fraction of 0.1mm to
1mm was used, ensuring that the bulk grain-size distribution is reasonably consis-
tent with Apollo mission observations. While natural lunar regolith also contains
minor components such as volcanic glass, meteoritic fragments, and aggluti-
nates (typically only a few percent of the total), our mixture includes aluminium
oxides and plagioclases, which can serve as analogous phases in microscopic
analyses. Most importantly, the simulant reproduces the low albedo (∼0.06),
comparable to that of lunar mare soils, making it suitable for systematic assess-
ment of ilmenite-related optical effects. At the same time, finer-scale features of
true regolith, such as glass-rich particles and space-weathering effects, are not
represented.
Images of the prepared samples were subsequently acquired using a CNC

(computer numerical control) machine equipped with a DLT-Cam PRO 5 MP
camera (Delta Optical, Poland), a 200× zoom microscope lens, model 074F-
97376 (Techrebal, Poland), and a ring illuminator with 16 RGB LEDs (Fig. 2).
The 8-bit RGB values for the LEDs were set to R = 160, G = 176, B = 150 with
a 5V input voltage. This setup ensured consistent white balance and lighting
conditions across all images. To maximize image clarity, the Z -axis position of
the microscope was manually adjusted for each sample. During the data acquisi-
tion phase, a G-code program controlled the spiral movement of the microscope
across the surface of each sample, ensuring comprehensive coverage of the spec-
imen. The resulting recordings were captured as 9-minute video sequences, pro-

Fig. 2. The experimental setup for data acquisition.
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viding high-resolution visual data of the heterogeneous regolith surface. These
sequences were subsequently sampled to extract non-overlapping frames, which
were then downsized to a resolution of 256× 256 pixels.
As a result, a total of 22 176 labeled images were prepared, representing

16 classes corresponding to ilmenite content levels ranging from 0% to 15%.
A randomly selected sample of 5000 images was chosen while ensuring class
balance. This sample was used to create five-fold cross-validation fold, each
consisting of 4000 images in the training subset and 1000 in the test subset.
Above procedure enabled the generation of a rich and diverse dataset, rep-

resentative of a wide range of ilmenite concentrations, as illustrated in Fig. 3.

Fig. 3. Representative image samples (five per class) illustrating varying ilmenite content
levels.

2.3. Data analysis using a reference method

As a baseline for comparison in the conducted study and to analyze the avail-
able data, a classical computer vision approach was proposed. In this method,
ilmenite content is estimated by analyzing the ratio of dark to bright regions
within the input image, as outlined in Algorithm 1.
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Algorithm 1. Reference method: measurement of dark area content in the input
image.

Require: Input image I in RGB colorspace

Ensure: Percentage of dark area in the image

1: KERNEL← 3× 3 elliptical structuring element

2: THRESHOLD← 128

3: Resize image: Iresized ← resize(I, 256× 256)

4: Convert to HSV and extract V channel: IV ← HSV(Iresized)[V ]

5: Apply thresholding: Ithresh ← threshold(IV ,THRESHOLD)
6: Negate image: Inegated ← bitwise not(Ithresh)
7: Morphological closing: Ifinal ← morphology close(Inegated,KERNEL)
8: Compute the percentage of white pixels:

value =
count nonzero(Ifinal)

size(Ifinal)
× 100

9: return value

The prepared dataset was analyzed using the previously described reference
method. The results – representing the number of dark pixels as a function
of actual ilmenite content – are presented as a boxplot in Fig. 4. As expected,
a general increasing trend can be observed. However, substantial intra-class vari-
ability was also noted, indicating high dispersion within individual ilmenite con-
centration levels. This variability significantly limits the effectiveness of classical
computer vision techniques for accurately estimating material composition in the
mixture.

Fig. 4. Image samples with different ilmenite content.
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2.4. Proposed solution

Given the high heterogeneity of the input data, it was decided to perform
inference on a batch of N input images instead of a single image. For this
purpose, three methods were proposed:
– DL regressor + mean – utilizing an existing deep learning (DL) model
with a final regression layer, followed by averaging the results for the batch
of input images,
– DL regressor + k-NN – using the same DL regressor in combination
with a classical machine learning method – k-nearest neighbors regression
(k-NNR),
– multi-input regressor – developing a model capable of handling multi-
ple inputs, allowing simultaneous processing of the entire batch of input
images.
To adapt an existing DL classification model for the regression task, the

classification head was replaced with a linear layer producing a single output.
Additionally, a rectified linear unit (ReLU) activation function was applied to
the model output to enforce non-negative predictions, consistent with the phys-
ical constraint that ilmenite concentration cannot take negative values. The
resulting regression outputs for a batch of input images were either averaged, as
in the first approach, or used as input to a subsequent k-NNR model.
To enable simultaneous inference on the entire batch of input images and in-

corporate all available information into the regression process, the authors pro-
posed a custom architecture, as illustrated in Fig. 5. The model consists of an
encoding block that processes N input images using a shared backbone, embed-
ding each image into a deep feature vector of length 512. These feature vectors

Fig. 5. Overview of the proposed multi-input DL architecture.
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are then concatenated to form a single vector of size N × 512, which is subse-
quently passed to the regression head composed of four fully connected (linear)
layers. To mitigate overfitting during training, batch normalization was applied
after each linear layer, except the final one. The ReLU activation function was
used throughout the model to introduce non-linearity and enforce non-negative
outputs.

2.5. Encoder architecture selection

The proposed approach, based on a multi-input model with a shared encoder,
enables the use of different deep architectures as well as their straightforward
replacement and adaptation to the problem under consideration. In the ex-
periments presented in this study, three representative deep architectures were
evaluated:
– ResNet-18 – the smallest architecture in the ResNet family of residual
neural networks, widely used as a lightweight yet effective baseline in many
computer vision tasks,
– MobileNetV2 – an efficient architecture originally designed for mobile
and embedded applications, employing depthwise separable convolutions
and inverted residual blocks to significantly reduce computational cost
while maintaining competitive accuracy,
– EfficientNet-B0 – a baseline model from the EfficientNet family, which
uniformly scales depth, width, and resolution using a compound scaling
method, achieving a favorable balance between accuracy and efficiency.

These models were selected to cover a spectrum of trade-offs between model size,
computational efficiency, and predictive accuracy: ResNet-18 serving as a well-
established baseline, MobileNetV2 representing resource-efficient designs, and
EfficientNet-B0 offering state-of-the-art performance under constrained model
complexity. The evaluation of these diverse architectures allowed for a fair as-
sessment of which model is best suited for the application under study.

2.6. Evaluation measures

The evaluation of measurement accuracy was based on the following metrics:
root mean squared error (RMSE), mean absolute error (MAE), and coefficient
of determination (R2), as defined in Eqs. (1)–(3).

RMSE =

√√√√
N∑

i=1

(yi − ŷi)2, (1)
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MAE =
N∑

i=1

|yi − ŷi|, (2)

R2 = 1−

N∑

i=1

(yi − ŷi)
2

N∑

i=1

(yi − y)2

. (3)

Additionally, the authors introduced an error rate metric, defined as the pro-
portion of predictions for which the absolute error exceeded 0.5%. This threshold
was selected to identify measurements considered significantly inaccurate by the
system.
All experiments, including model training and validation, were conducted on

a workstation equipped with an Intel Xeon Silver 4110 CPU (Intel Corporation,
USA), 64 GB RAM and an NVIDIA RTX 4080 graphics card with 16 GB VRAM
(NVIDIA Corporation, USA). The implementation was developed in Python
using the PyTorch framework. Additional inference time measurements were
conducted on an NVIDIA Jetson AGX Orin (NVIDIA Corporation, USA).

2.7. Model preparation

The input images for the model underwent a standardization process. The mean
values and standard deviations for the red, green, and blue (R, G, and B) channels
were determined empirically through statistical analysis of a sample consisting
of 100 randomly selected images from the prepared dataset. The obtained values
are as follows: mean = [0.536, 0.606, 0.782], std = [0.114, 0.107, 0.103].
During the training of the base DL regression models, pre-trained weights

from the ImageNet-1K dataset were employed to leverage transfer learning and
accelerate convergence. In the case of the multi-input model, a pre-trained back-
bone was used, initialized with the best-performing weights obtained from train-
ing the base DL regressors. To ensure strict separation between training and
validation data, each instance of the multi-input model was initialized using
weights from a regressor trained on the corresponding training subset. This ap-
proach preserved data independence across cross-validation folds and prevented
information leakage during evaluation.
The hyperparameters used during the training of DL-based regressors are

presented in Table 1. In the case of the k-NN regressor, the hyperparameters
were selected using the GridSearchCV method and were as follows:
– distance metric: Manhattan,
– number of neighbors: 11,
– weighting method: distance.
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Table 1. Hyperparameters for training the regression models – ResNet-18 (base DL regressor)
and the proposed multi-input model.

Parameter Base DL regressor Multi-input regressor

Image size 256 256

Epochs 150 60

Batch size 96 96

Base learning rate 1e-3 1e-3

Learning rate scheduler linear (lrf = 0.01) linear (lrf = 0.05)

Weight decay 1e-4 1e-4

Optimizer AdamW AdamW

Beta 1 0.900 0.600

Beta 2 0.999 0.999

All models were trained using the same data augmentation techniques to
improve generalization and robustness. The applied augmentation methods, de-
signed to simulate variations in real-world conditions, are detailed in Table 2.

Table 2. Augmentation methods used during model training.

Augmentation type Parameters

Hue modification ±0.015

Saturation modification ±0.7

Brightness modification ±0.4

Contrast modification ±0.3

Horizontal flip probability = 0.5

Vertical flip probability = 0.5

Erase size = [0.15, 0.35], probability = 0.20

Gaussian blur kernel size = [3, 7], probability = 0.25

Rotation ±15◦

Translation ±0.10

Scale ±0.10

2.8. Evaluation of developed methods

As part of the experiments, the following methods were evaluated:
1. Reference CV method (single image) – estimation based on classical
computer vision (CV) techniques applied to a single input image;

2. Reference CV method (mean of N images) – average of results
obtained from classical methods applied to a batch of N images;
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3. DL regressor (single image) – inference based on a single image using
the deep learning regression model;

4. DL regressor (mean of N images) – mean prediction over N individual
image inferences from the ResNet-based regressor;

5. DL regressor + k-NN – predictions from the ResNet model on N images
passed as input features to a k-NN regressor;

6. Multi-input regressor – a custom model that jointly processes all N
input images to produce a single regression result.
The experiment was conducted using a 5-fold cross-validation scheme. For

each of the five validation subsets, the RMSE, MAE, coefficient of determina-
tion (R2), and error rate were computed. The final results were reported as the
mean values of these metrics across all folds, along with their corresponding
standard deviations to reflect performance variability.
The input batch size was constrained by technical limitations. Increasing the

number of input images per batch significantly impacts both data acquisition
and processing time. Therefore, in the experiments described, the batch size was
fixed at N = 5.

2.9. Evaluation of robustness to local anomalies

The developed solution is ultimately intended to analyze images of hetero-
geneous samples. Therefore, it must demonstrate robustness to potential distur-
bances, such as the presence of a localized region with elevated content of the
analyzed component. To assess this capability, the selected processing methods
were subjected to a robustness test involving a simulated local anomaly.
The robustness evaluation was conducted for DL methods analyzing batches

of N input images, as described in Subsec. 2.8, specifically: (1) DL regressor +
mean (N), (2) DL regressor + k-NN (N), (3) multi-input regressor (N).
A local anomaly was introduced by perturbing a single image within the

input batch with one of the following anomalies: salt-and-pepper noise, simulated
dust accumulation on the lens, varying lighting conditions, or reflection artifacts
(Fig. 6). Salt-and-pepper noise is widely used to assess the robustness of machine
learning models in computer vision tasks. It enables the simulation of sensor
and data transmission errors [25], reveals overfitting to pristine data [26], and –
most importantly for the architectures considered in this work – challenges the
local feature sensitivity of CNNs [27]. For these reasons, salt-and-pepper noise
was selected to model anomalies of varying severity. In addition, two additional
types of local anomalies were introduced. Dust accumulation on the camera lens
was simulated by overlaying a mask with randomly distributed blobs, where
the controlled parameter was the proportion of pixels occluded by the blobs.
Reflection artifacts were modeled by adding intensity values along edges detected
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Fig. 6. An example input batch illustrating different types of local anomalies used in the
robustness evaluation: reflection artifacts (A), dust accumulation (B), and salt-and-pepper

noise (C) at varying intensity levels.

using the Canny algorithm, resulting in images exhibiting reflections of varying
intensity along grain boundaries.
The experiment was conducted with varying anomaly intensities, ranging

from 0% (no modification) to 50%. To to enable comparative assessment of ro-
bustness across models, the area under the MAE curve was computed over the
investigated range of anomaly intensities. Each deep learning-based method was
evaluated using 5-fold cross-validation. For each fold, robustness tests were per-
formed independently, and the results were subsequently averaged. In addition,
standard deviations were computed to quantify the variability of the results.

2.10. Evaluation of robustness to global anomalies

In addition to the local modification within the input batch, designed to
evaluate the model’s robustness to data inhomogeneity, an additional experi-
ment was conducted to assess the model’s resilience to variations in the entire
input dataset. For this purpose, the anomalies described in Subsec. 2.9 were
applied to all input images of the model. The experiment was repeated with
anomaly intensities ranging from 0% (no modification) to 50%, and the area
under the MAE curve was used as the evaluation metric. The robustness evalu-
ation was conducted for two DL methods analyzing batches of N input images
(multi-input regressor, DL regressor + k-NN), and, for comparison, a method
analyzing a single image (DL regressor).
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2.11. Model interpretation and contrast robustness

To explain and visualize the operating principles of the developed DL model,
a gradient-based feature analysis approach was employed. For this purpose, deep
feature maps were extracted from each layer of the encoder. Each feature tensor
of shape B×Ci×Hi×Wi (batch size, number of channels, height, width) was
subsequently averaged along the channel dimension, thereby reducing its size to
B×Hi×Wi. This operation yields a two-dimensional spatial activation map for
every input image and encoder layer, highlighting the regions most influential
for feature representation.
Gradients of these activation maps with respect to the input images were

then computed, providing insight into how variations in pixel intensity propagate
through the network. The resulting gradient maps allow identification of the
image regions the model relies on most strongly when forming its predictions.
By examining these maps across consecutive layers, one can trace the progressive
transformation of low-level contrast patterns into higher-level representations,
thereby offering an interpretable view of the model’s internal decision-making
process.
Subsequently, an experiment was designed to evaluate the impact of contrast

scaling in input images on the performance of the model. The methodology of
this experiment follows the procedure described in Subsec. 2.10. The contrast
scaling factor was varied in the range from 0% (contrast suppression) to 200%
(contrast enhancement). For each scaling level, the MAE was computed, and
the area under the MAE curve (AUC-MAE) was determined to provide a cu-
mulative measure of robustness. In addition, gradient maps of deep features
were visualized to qualitatively assess how contrast variations affect the internal
feature representations of the network.

3. Results and discussion

3.1. Evaluation of encoder architectures

During the experiment, three baseline architectures were evaluated (Table 3).
Among them, the ResNet-18 model achieved the highest performance, with

Table 3. Summary of results for the evaluated base architectures. Mean values and standard
deviations obtained during cross-validation are given.

Method RMSE MAE R2 Error rate
[%]

Inference time
[ms]

ResNet-18 0.791 (0.058) 0.536 (0.035) 0.970 (0.004) 38.02 (2.38) 5.60 (3.30)

MobileNetV2 1.574 (0.036) 1.197 (0.020) 0.884 (0.006) 71.14 (2.05) 17.59 (4.30)

EfficientNet-B0 2.059 (0.102) 1.599 (0.086) 0.800 (0.020) 80.32 (1.10) 11.89 (3.52)
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an RMSE of 0.791 (0.058) and an error rate of 38.02 (2.38)%. This architecture
also demonstrated the shortest inference time, approximately 5.60ms. Conse-
quently, ResNet-18 was selected as the primary regression model for further
experiments and subsequent development.

3.2. Evaluation of developed methods

The results obtained in the conducted experiments are summarized in Ta-
ble 4. The simple reference method, based on classical computer vision tech-
niques, yielded the weakest performance across all evaluation metrics. This was
consistent both for single-image inference and when averaging predictions over
batches of five images, with an RMSE of 2.573 (0.109), MAE of 1.929 (0.083),
and an error rate of 78.16 (0.68)%. These findings underscore the inadequacy
of relying solely on dark pixel ratio analysis in images for estimating ilmenite
content. The poor performance can be attributed not only to the inherent het-
erogeneity of the samples but also to substantial grain overlapping which hinders
accurate interpretation of image features.

Table 4. Summary of results for the developed method and reference methods. Mean values
and standard deviations obtained during cross-validation are given.

Method RMSE MAE R2 Error rate
[%]

Ref. CV method (1) 4.234 (0.147) 3.146 (0.102) 0.158 (0.059) 84.50 (1.30)

Ref. CV method + mean (N) 2.573 (0.109) 1.929 (0.083) 0.689 (0.026) 78.16 (0.68)

ResNet regressor (1) 0.836 (0.081) 0.564 (0.049) 0.966 (0.006) 39.52 (3.01)

ResNet regressor + mean (N) 0.444 (0.056) 0.319 (0.039) 0.990 (0.003) 21.38 (3.10)

ResNet regressor + k-NN (N) 0.392 (0.015) 0.187 (0.007) 0.993 (0.001) 16.82 (0.62)

Multi-input regressor (N) 0.190 (0.024) 0.107 (0.016) 0.998 (0.001) 3.06 (1.00)

In contrast, the use of a DL-based ResNet regressor significantly improved
inference quality. Notably, the two-stage pipeline, where individual predictions
from five input images were post-processed using a k-NN regressor, yielded
markedly better results, with an average RMSE of 0.392 (0.015), MAE of
0.187 (0.007), and R2 approaching 1. Nevertheless, despite the low mean er-
ror values, these average error rate remained at 16.82 (0.62)%, indicating that
approximately one in five predictions deviated from the ground truth by more
than 0.5 point. This level of error may still be unacceptable in practical, non-
laboratory scenarios.
These limitations were effectively addressed through the adoption of the

proposed multi-input regressor. This approach achieved the highest overall per-
formance, with an RMSE of 0.190 (0.024), MAE of 0.107 (0.016), and a sig-
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nificantly reduced average error rate of 3.06 (1.00)%. These results confirm the
effectiveness of leveraging multi-image batches for robust and precise estimation
of mineral content in complex, heterogeneous samples.
During inference on an edge device (NVIDIA Jetson AGX Orin), the model

achieved an average execution time of 141.5ms per sample. This performance
indicates that the proposed approach is suitable for quasi-real-time applications,
providing sufficiently fast predictions for practical deployment scenarios while
maintaining portability to embedded hardware platforms.

3.3. Evaluation of robustness to local anomalies

The results of the robustness evaluation are presented in Fig. 7. The weak-
est performance was observed for the model that averaged predictions from
a batch of input images. This method yielded the highest AUC-MAE, with av-
erage values of 0.219 (0.009), 0.219 (0.015), and 0.474 (0.060), indicating limited
robustness to all localized disturbances.

Fig. 7. MAE values for varying local anomaly intensities applied to a single image
within the batch.
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In contrast, the approach utilizing the k-NN regressor exhibited much higher
resilience to the three simulated local anomalies, with MAE values of 0.122 (0.005),
0.122 (0.008), and 0.171 (0.011). This robustness can be attributed to the oper-
ating principle of nearest neighbor algorithms, which rely on consensus among
multiple nearby data points, thereby mitigating the influence of outliers.
The multi-input model achieved error values even lower than those of the

ResNet + k-NN variant, with AUC-MAE values of 0.077 (0.009), 0.083 (0.013),
and 0.113 (0.040). These results confirm that explicitly modeling all input im-
ages jointly allows the architecture to better capture the aggregate context and
suppress the impact of corrupted inputs.

3.4. Evaluation of robustness to global anomalies

The results of the robustness evaluation are presented in Fig. 8. In this
case, the outcomes are less straightforward than for the local anomalies. For
the ‘Reflection’ and ‘Dust’ perturbations, the baseline ResNet model (process-
ing only a single image) achieved the weakest performance, with MAE values of

Fig. 8. MAE values for varying global anomaly intensities applied to all images in the batch.
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0.718 (0.027) and 0.704 (0.024), respectively. The multi-input model performed
noticeably better, obtaining significantly lower MAE values of 0.495 (0.057) and
0.507 (0.019), which are close to those achieved by the ResNet + k-NN method,
namely 0.503 (0.014) and 0.525 (0.032). For the ‘Noise’ perturbation, all mod-
els yielded comparable results, with high MAE values above 2 and substantial
standard deviations exceeding 0.3.
Considering the overall results, it can be concluded that approaches op-

erating on multi-image input batches exhibit higher, or at least comparable,
robustness to input perturbations. In particular, for the ‘Dust’ anomaly, the
multi-input model reduced the MAE by nearly 40% compared to the baseline
ResNet, underscoring the effectiveness of exploiting joint information from mul-
tiple images.

3.5. Model interpretation and contrast robustness

The visualization of deep feature gradients is presented in Fig. 9. During in-
ference, the model predominantly focuses on characteristic high-contrast blobs
corresponding to ilmenite grains, including small grains that are partially cov-
ered. A reduction of contrast below 50% has a strong negative impact on model
performance, leading to the omission of a substantial portion of relevant regions.
Conversely, when the contrast is increased to around 200%, oversaturation ef-
fects become apparent, with activations extending to areas unrelated to ilmenite
grains, but rather to interstitial spaces between particles of the secondary ma-
terial.

Fig. 9. Gradient-based visualization of deep features for different contrast scaling factors ap-
plied to the input images.

This trend is confirmed by the quantitative results in Fig. 10, which reveal
distinct regions where the error remains lower. Notably, these regions approxi-
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Fig. 10. MAE values for varying contrast scaling applied to all images in the batch.

mately overlap with the augmentation range applied to the training set during
model development (Table 2, contrast ±30%). A further observation concerns the
comparative effect of contrast scaling across different processing methods:
the single-image approach yielded a high AUC-MAE of 3.450 (0.085), whereas the
multi-input method achieved a considerably lower value of 2.530 (0.174).
Overall, these findings underscore the importance of maintaining appropriate

contrast conditions to ensure reliable and interpretable predictions, while also
demonstrating the robustness advantage of leveraging multiple input images
under varying contrast settings. It is worth emphasizing that the observed sen-
sitivity to contrast variations can be mitigated by employing advanced data
augmentation strategies and by extending the training dataset, thereby improv-
ing the model’s generalization to diverse imaging conditions.

4. Conclusions

The architecture developed by the authors enables the processing of batches
of multiple input images. As a result, it achieves not only high precision but
also substantial robustness to the significant non-homogeneity of the analyzed
data, with an RMSE of 0.190 (0.024) and an error rate of 3.06 (1.00)%. By
employing the smallest model in the ResNet family as the encoder, the over-
all computational complexity remains low, making the solution well-suited for
on-edge deployment on an autonomous platforms such as Martian rovers or plan-
etary probes. This enables the use of multiple small, low-cost exploratory plat-
forms equipped with in situ analysis capabilities during extraterrestrial missions,
allowing for the rapid exploration and assessment of large planetary areas. Fur-
thermore, the use of standard RGB imagery significantly reduces the cost of the
acquisition system. The proposed solution can utilize simpler and more afford-
able cameras operating in the visible spectrum, which are often already inte-
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grated into exploration platforms. It is important to emphasize that the pro-
posed solution enables seamless replacement of the encoder with either larger
or smaller deep models, thereby allowing the architecture to be tailored to the
specific requirements and constraints of the target problem. This flexibility fa-
cilitates deployment across a wide range of scenarios, enhancing scalability in
terms of both computational cost and predictive accuracy, and thus ensuring
adaptability to diverse industrial applications.
While the proposed microscopic, machine-learning-based analysis demon-

strates promising performance, it also exhibits several acknowledged limitations.
Its non-invasive nature confines the analysis to surface-level observations only.
Consequently, regions containing significant ilmenite concentrations beneath the
lunar surface may remain undetected, posing a risk to the effective planning
and execution of lunar mining operations. Furthermore, although the ilmenite–
regolith binary mixture is generally distinguishable due to the strong color con-
trast between ilmenite grains and the surrounding material, this advantage is
not universal. In scenarios where both components exhibit similar visual charac-
teristics within the visible light spectrum, the proposed method may encounter
difficulties in distinguishing between them, potentially resulting in inaccurate or
failed estimations of elemental content. Additionally, when considering deploy-
ment of the proposed approach beyond controlled laboratory setting, several
important limitations must be acknowledged. The accuracy of the method may
degrade substantially under variations in the optical or acquisition setup that al-
ter the appearance of input images. These challenges underscore the importance
of careful calibration and, where necessary, domain adaptation when transferring
the method to different instruments or operating conditions.
The above mentioned limitations highlight opportunities for further advance-

ment in machine learning-based visual mineral recognition. A logical progression
would involve extending the analysis to heterogeneous mixtures. As most regions
on celestial bodies contain more than two mineral components, implementing
a multi-output regression framework to estimate the abundance of each con-
stituent could be crucial. The proposed architecture could be easily adapted
to a multi-target regression task by a simple modification of the final fully-
connected layer.
Another promising direction involves the use of hyperspectral imaging. While

standard microscopic imaging may suffice for some binary or moderately hetero-
geneous mixtures, it becomes inadequate when components share similar char-
acteristics within the visible spectrum. Hyperspectral cameras overcome this
limitation by capturing data across a wide range of wavelengths, thus signif-
icantly enhancing the system’s ability to distinguish visually similar minerals.
Due to the high flexibility of the proposed architecture, it can be readily adapted
for the processing of multi- or hyperspectral data. The use of such input data
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would address the aforementioned challenges related to low distinguishability
between mixture components. An architecture extended in this way could be
easily adapted to other regression tasks, including multi-output regression, offer-
ing a wide range of potential applications beyond the analysis of extraterrestrial
materials.
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Topology optimization is a valuable tool in engineering, facilitating the design of optimized
structures. However, topological changes often require a remeshing step, which can become
challenging. In this work, we propose an isogeometric approach to topology optimization
driven by topological derivatives. The combination of a level-set method together with an
immersed isogeometric framework allows seamless geometry updates without the necessity
of remeshing. At the same time, topological derivatives provide topological modifications
without the need to define initial holes [7]. We investigate the influence of higher-degree
basis functions in both the level-set representation and the approximation of the solu-
tion. Two numerical examples demonstrate the proposed approach, showing that employ-
ing higher-degree basis functions for approximating the solution improves accuracy, while
linear basis functions remain sufficient for the level-set function representation.
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1. Introduction

Design optimization describes an iterative process to define the optimal ge-
ometry of a structure given some constraints. This problem can be approached
in several ways, including the optimization of geometric parameters, such as
radius, length, or width (Fig. 1a), the boundaries of the shape (Fig. 1b) [46], or
the material distribution of the structure (Fig. 1c) [26]. The last one is known as
topology optimization, and since it was first introduced in [9], several methods
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Fig. 1. Different types of optimization: a) parameter optimization, b) shape optimization,
c) topology optimization.

have been developed to approach the problem, and as a consequence, various
challenges have been addressed [36]. The most popular classes of topology op-
timization methods are based on design representations by means of density or
level-set functions.
Density-based approaches, widely used in topology optimization [36], rep-

resent the design through a density variable equal to 1 for material and 0 for
void. These methods can be used on a fixed background mesh on which the
density variable is defined element-wise, identifying whether an element is solid
or void, thereby avoiding the need for remeshing during the optimization pro-
cess. However, a well-known challenge of density-based topology optimization
is the presence of unphysical intermediate materials. This issue is overcome
through penalization techniques, such as the solid isotropic material with pe-
nalization (SIMP), removing gray areas and resulting in nearly black-and-white
designs [13].
In level-set-based approaches [29], the material distribution is represented

by the sign of a continuous level-set function which evolves in the course of
the optimization process. Level- set methods have been extensively applied to
shape and topology optimization, either coupled with a remeshing strategy [15]
or applied on a fixed background mesh [2, 3, 44]. The evolution of the level-set
function is guided either by shape derivatives via a Hamilton–Jacobi transport
equation [2] or by topological derivatives [7]. In the former case, the resulting
design heavily depends on the initial topology. New holes cannot be directly
introduced, as the method relies on the holes in the initial geometry, which
can then be merged or cancelled in the optimization process. In order to allow
for the nucleation of new holes, the method has been coupled with topological
derivatives in [1, 10]. Another possible approach combining the level-set method
and topological derivatives without solving the Hamilton–Jacobi is proposed
in [7], with many applications reported in the literature [8, 11, 16, 25, 27, 28, 47]
and has also been extended to multi-material problems in [17]. In this algorithm,
the optimization is guided only by the topological derivative.
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Isogeometric analysis (IGA), first introduced in [21], presents the concept
of connecting design and analysis using the same B-splines representing the
geometry as basis functions. The straightforward control over the degree and
smoothness of a B-spline basis is quite valuable for numerical simulations. Sev-
eral research studies have been conducted using the isogeometric concept in
various topology optimization approaches. On the one hand, applications of the
density method in the context of IGA have been reported in several studies in
the literature [20], where a connection between the optimization and the CAD
environments [34], as well as the benefits of refinement schemes, are straightfor-
wardly targeted into the approach [38, 42]. On the other hand, the conventional
level-set method has been used with different discretizations for the level-set
function, such as radial basis functions [4, 35], B-splines [22], or piecewise con-
stant functions [23]. To the best of our knowledge, the combination of IGA
and topological-derivative-based level-set optimization has only been consid-
ered in [30], where the conventional shape-derivative-based level-set method ex-
tended by a topological derivative term was used.
In this work, we apply the approach of [7] within the isogeometric framework,

using B-splines both for the level-set function discretization and as basis func-
tions to approximate the solution. Compared to standard level-set methods, this
approach has the following advantages. Since it uses a fixed background mesh,
it eliminates the need for remeshing, and, by using the topological derivative
to guide the evolution of the level-set function, it also removes the necessity of
defining initial holes and does not require solving the Hamilton–Jacobi equa-
tion, relying only on the topological derivative to guide the evolution of the
level-set function. In addition, compared to standard density-based methods,
this approach does not introduce artificial intermediate materials, since it uses
a level-set function to describe the design.
Our contribution focuses on the combination of the level-set method, topo-

logical derivatives, and IGA, providing initial configurations free from geometric
approximation errors and a simplified fixed high-degree background mesh de-
fined by the knot vector and control points, which also allows straightforward
higher-degree simulations. One challenge to this approach is the handling of the
material interface, since we use a fixed mesh that does not adapt to the level-set
function. We study the sensitivity of the level-set representation in the opti-
mized topology due to different polynomial degrees used for approximating the
level-set function and the solution. To accomplish this, we investigate two differ-
ent settings: one with the same polynomial degree for both approximations, and
another one with a linear level-set function discretization and a higher-degree
approximation of the solution.
Therefore, in Sec. 2, we present the linear elasticity problem investigated in

the topology optimization approach and the main considerations for applying
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IGA to it. Then, the definition of the level-set function and the derived topo-
logical derivative are provided in Secs. 3 and 4, respectively. In addition, Sec. 5
addresses the procedures for dealing with the cut elements, and two numerical
results applied to linear elasticity problems are shown in Sec. 6. Finally, in the
conclusion, we summarize the main findings of the numerical examples.

2. Problem description

In this section, we present an overview of the problem to which our ap-
proach is applied. The problem studied is the compliance minimization in two-
dimensional linear elasticity, and here we present the governing equation, the
formulation of the minimization problem, and the key considerations for apply-
ing IGA using an immersed approach based on the level-set method.

2.1. Linear elasticity problem

In this work, we consider linear elasticity problems defined on a domain Ω,
where the boundary ∂Ω is divided into three disjoint parts, such that
ΓD ∩ ΓN = ∅, ΓD ∩ Γ0 = ∅, ΓN ∩ Γ0 = ∅ and ΓD ∩ ΓN ∩ Γ0 = ∅, as shown
in Fig. 2a. On these three parts of the boundary, Dirichlet boundary conditions
are applied on ΓD, Neumann boundary conditions in ΓN , and zero Neumann
boundary conditions are applied on Γ0. Therefore, the governing equations for
the problem are given by:





−∇ · (σ(u)) = 0 in Ω,

u = 0 on ΓD,

σ(u) · n = τ on ΓN ,

σ(u) · n = 0 on Γ0.

(1)

a) b) c)

ΩΓN

ΓD

Γ0

Γ0

Γ0

ΩΓN

ΓD

Γ0

Γ0

Γ0

D\Ω

ΓN

ΓD

Γ0

Γ0

Γ0Γ0

Ω

D\Ω

Fig. 2. Representation of the domain problem: a) domain Ω defined by the level-set function,
b) domain Ω as a subset of domain D, c) domain Ω inside a B-spline background mesh defined

by the knot vector of the geometry D.
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Here, τ is the load applied on the boundaries and n is the normal vector on
them. In addition, u represents the displacement field and σ is the stress tensor,
which, for linear elasticity and isotropic materials, is defined as

σ(u) = 2µϵ(u) + λ tr (ϵ(u))I,

where

ϵ(u) =
1

2

(
∇u+ (∇u)T

)

is the strain tensor and, for 2D plane strain,

µ =
E

2(1 + ν)
, λ =

Eν

(1 + ν)(1− 2ν)

are the Lamé parameters, written in terms of Young’s modulus E and Poisson’s
ratio ν.
In this scenario, the domain Ω represents the material distribution of the

geometry and is a subset of a larger domain D. This situation is graphically
represented by Fig. 2b.

2.2. Immersed isogeometric approach

The goal of the topology optimization is to find an optimal material distribu-
tionΩ under given constraints, such as boundary conditions or area penalization.
This can be formulated as a minimization problem. In this scenario, the domain
Ω changes during the optimization process, and solving the problem numeri-
cally would require redefining the mesh at each iteration. To avoid the necessity
of remeshing, we formulate the problem on the fixed domain D, as shown in
Fig. 2b, instead of Ω, shown in Fig. 2a, and we introduce a material property
alpha, which is equal to αin if it is inside Ω and a small value αout for outside.
This approach is based on immersed methods, which are extensively applied in
fluid mechanics, solid mechanics, interface problems, and several other areas.
An extensive explanation of immersed methods and their aspects can be found
in [12, 41, 45]. In this way, this approach allows us to define which part of D
represents Ω, so that the governing equations for the linear elasticity problem
can be rewritten as:





−∇ · (αΩσ(u)) = 0 in D,

u = 0 on ΓD,

σ(u) · n = τ on ΓN ,

σ(u) · n = 0 on Γ0,

with αΩ =

{
αin in Ω,

αout on D \Ω,
(2)
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where αout ≪ 1 is a penalization parameter for the void, small enough to neglect
the basis functions located outside the domain Ω, but not too small to result in
an ill-conditioned stiffness matrix [33].
Therefore, to finally solve the problem numerically, we discretize the do-

main D using a background mesh, as shown in Fig. 2c, where the basis functions
used to approximate the solution field are B-splines of degree p, refined from
the geometry D. These basis functions are constructed from a non-decreasing
set of coordinates called knot vector

Ξ = {ξ1, ξ2, ..., ξn+p, ξn+p+1} (3)

defined in a parameter space P = [ξ1, ξn+p+1] of B-splines, where n is the number
of basis functions and p is the polynomial degree. This construction is defined
recursively starting from piecewise constant functions for p = 0:

Bi,0 =

{
1 if ξi ≤ ξ < ξi+1,

0 otherwise,
(4)

and extended for higher degrees p > 0 by applying the Cox–de Boor formula [21]

Bi,p =
ξ − ξi

ξi+p − ξi
Bi,p−1(ξ) +

ξi+p+1 − ξ

ξi+p+1 − ξi+1
Bi+1,p−1(ξ). (5)

In sequence, having the basis functions in each parametric direction, the
geometry mapping from the parametric domain P2 = [ξ1, ξn+p+1]× [η1, ηm+p+1]
to the physical domain R2 is then defined as

x(ξ, η) =
n∑

i=1

m∑

j=1

Bi,p(ξ)Bj,p(η)Ci,j , (6)

where Ci,j are the control points that define the geometry.
Note that the basis functions used to approximate the solution field may have

a different polynomial degree p than those used to construct the geometry D.
However, the geometric mapping remains based on the B-splines defined from
the geometry D. Finally, the implementation of the problem is made within an
open-source IGA code [43], which provides the necessary features.

2.3. Minimization problem

The minimization problem mentioned in the previous subsection, which de-
fines the topology optimization process, has aims to find the optimal domain
Ω ⊂ D that minimizes a cost function J . This expression can be written as:

min
Ω∈E

J(Ω,u), (7)
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where E is a set of admissible subsets of D, and

J(Ω,u) =

�

D

αΩσ(u) : ϵ(u) dD + l

�

Ω

dΩ. (8)

Note that the area constraint, which prevents the solution from being Ω = D,
is addressed by the second term of the objective function and is controlled by
the parameter l [24].

3. Discretized level-set representation

The domain Ω is represented by a continuous level-set function. This means
that the interface that divides the material region Ω from the void region D \Ω
is defined by the zero set of the level-set function. Specifically, all points where
the level-set function is smaller than 0 belong to Ω, points where it is higher than
zero belong to the void D \ Ω, and points where the level-set function is equal
to zero lie on the interface between the two regions:





ϕ(x) < 0 ⇐⇒ x ∈ Ω,

ϕ(x) = 0 ⇐⇒ x ∈ ∂Ω,

ϕ(x) > 0 ⇐⇒ x ∈ D \Ω.

(9)

As the background mesh D is discretized, we also discretize the domain Ω.
Therefore, the level-set discretization is made using B-spline basis functions of
degree d, which might be the same or different from the degree p of the basis
functions used for approximating the solution,

ϕ(ξ, η) =

n∑

i=1

m∑

j=1

Bi,d(ξ)Bj,d(η)ci,j . (10)

In sequence, the coefficients ci,j are obtained by solving a collocation problem,
which enforces that the discretized level-set function (10) matches the initial
level-set function at the Greville abscissas. The positions of the Greville abscis-
sas, shown in Fig. 3, serve as anchors for the B-splines and are computed as

ξ̃i =
ξi+1 + ξi+2 + ...+ ξi+d

d
, i = 1, ..., n. (11)

During the optimization process, the evaluations of the level-set function at
the Greville abscissas are updated, and the coefficients ci,j for the new level-set
function discretization are obtained in the same process.
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a) p = 2 b) p = 3 c) p = 4
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Fig. 3. Distribution of the Greville abscissae on the elements for different polynomial degrees,
with basis functions defined as: a) Ξ = {0 0 0 0.5 1 1 1}, b) Ξ = {0 0 0 0 0.5 1 1 1 1},

c) Ξ = {0 0 0 0 0 0.5 1 1 1 1 1}.

In Fig. 4, we observe the identification process of the region where the ele-
ment is located. This is achieved by evaluating the level-set function at a set of
points in each element. Then, based on the signs of these evaluations, we can
identify the region of the element and assign the corresponding material prop-
erty. For cut elements, the material property is computed as the average based
on the cut ratio of the element, given by

α|T = αout +
|T ∩Ω|
|T | (αin − αout). (12)

a) b) c)

Fig. 4. Type identification of the elements for assembling the material property α: a) domainD
divided into two regions by a level-set function, b) domains D discretized as the background
mesh, c) identification of the elements; the elements outside Ω are in yellow, inside Ω in blue,

and the cut elements in pink.

4. Topological derivatives

In the previous sections, we defined the representation of a fixed domain D
and a level-set function ϕ used to represent the domain Ω, both discretized by
B-splines. In the following, we discuss how the topological derivative is com-
puted and how the level-set function is updated, focusing on minimizing the
cost function.
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Consider a point x0 ∈ D \ ∂Ω, and define ωε(xo) = {x ∈ R2 : ||x0− x|| < ε}
as a circular perturbation of radius ε centered at x0. The introduction of the
perturbation ωε(xo) in the domain D results in a perturbed domain:

Ωε =




Ω \ ωε(x0) if x0 ∈ Ω,

Ω ∪ ωε(x0) if x0 ∈ D \Ω.
(13)

Let J (Ω) := J(Ω,u(Ω)) denote the reduced cost function where u(Ω) denotes
the unique solution to (1) for a given subdomain Ω. In this scenario, to mea-
sure the change in the cost function J when a new hole around the point x0 is
introduced, the topological derivative is defined as

dJ (Ω)(x0) := lim
ε→0

J (Ωε)− J (Ω)

|ωε|
= lim

ε→0

J(Ωε,uε)− J(Ω,u)

|ωε|
,

where uε is the solution of (1) with Ω replaced by Ωε.
To evaluate this expression, we adopt the approach proposed in [18], which

introduces the Lagrangian

L(Ω,u,λ) = J(Ω,u) + λE(Ω,u),

where E(Ω,u) = 0 represents the weak form of the governing equation. This
implies that L(Ω,u,λ) = J(Ω,u) at the solution for all λ. Consequently, the
topological derivative can be rewritten as

dJ (Ω)(x0) = lim
ε→0

L(Ωε,uε,λ)− L(Ω,u,λ)

|ωε|
. (14)

By introducing in the adjoint state λ defined as the solution of ∂uL(Ω,u,λ)=0,
and noting that λ = −1

2u, after solving this limit for the linear elasticity prob-
lem, as shown in [6], an analytical expression is obtained, which depends only
on the solution u and the material coefficient α:

dJ (Ω)(x0) =





dJin(Ω)(x0) = −3αin

(
αout − αin

2αout + αin

)
σ(u) : ϵ(u)− l

if x0 ∈ Ω,

dJout(Ω)(x0) = −3αout

(
αin − αout

2αin + αout

)
σ(u) : ϵ(u) + l

if x0 ∈ D \Ω.

(15)

From this, the generalized topological derivative is then defined as:

gΩ(x) =




−dJ (Ω)(x) if x ∈ Ω,

dJ (Ω)(x) if x ∈ D \Ω,
(16)
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and is used to update the level-set function, guiding the evolution of the do-
main Ω. Algorithm 1 shows this update process. The update of the level-set is
guided under a spherical linear interpolation, which uses the angle θi, in the
L2-sense, between the current level-set ϕi and the topological derivative gi, as
a parameter to define the next domain Ωi+1. Note that the stopping criterion
is controlled by the same angle θi, and this quantity works as a comparison be-
tween the current topological derivative gi and the level-set function ϕi. Then,
if θi = 0, the domain Ωi+1 is optimal and the topological derivative gi can be
used as the level-set function ϕ [7]. During this process, we apply a line search
to define the parameter κ used to update the level-set in the spherical linear
interpolation. Additional filtering processes are applied, described in Sec. 5, to
smooth the generalized topological derivative g, working similarly to sensitivity
filtering in density-based optimization [19].

Algorithm 1: Level-set update.

1 Initialize the level-set function ϕ1;
2 for i← 1 to nmax do

3 Compute gΩi(x) =

{
−dJ (Ωi)(x) if x ∈ Ωi

dJ (Ωi)(x) if x ∈ D \Ωi

;

4 Compute θi = arccos

(
⟨ϕi, gΩi⟩

||gΩi ||L2(D)||ϕi||L2(D)

)
;

5 if θi < εθ then
6 break;
7 else

8 ϕi+1 =
1

sin θi
(sin((1− κi)θi)ϕi + sin(κiθi)gΩi),

9 where κ = max

{
1,

1

2
,
1

4
, ...

}
such that J (Ωi+1) < J (Ωi);

10 end

11 Update cij in the discretization ϕ(ξ, η) =
n∑

i=1

m∑
j=1

Bi,d(ξ)Bj,d(η)cij

12 end
13 return ϕ;

In the discretized setting, when an element e of the background meshD is cut
by the interface of the level-set function ϕ, the generalized topological derivative
is computed using a linear interpolation between the values computed inside and
outside the domain Ω, given by

gΩ|e(x) = dJout(Ω)(x)|e +
|e ∩Ω|
|e| (−dJin(Ω)(x)|e − dJout(Ω)(x)|e). (17)
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5. Cut elements

The correct integration of elements intersected by the level-set function as
well as the precise assignment of the material parameter in these elements plays
an important role in the quality of the results. Therefore, in this section, we
present the procedures used to deal with the cut elements.
In the computation of the cut ratio |e ∩ Ω|/|e|, necessary to obtain the

α property for the cut elements, we apply a quadrature library for implicitly
defined geometries [31, 32]. This library precisely follows the level-set function
and provides quadrature points conforming to its zero isoline, as we can see
in Fig. 5a. This quadrature allows the integration of the regions defined by
the zero level-set with high precision, even for complex geometries with high-
degree representations of the interfaces. Therefore, with this quadrature, we
can precisely capture the transition between the material property α in the
inner and outer parts of the domain Ω. Some examples for area computation,
moving geometries, and linear elasticity can be found in [39, 40].

a) b) c)

|e ∩ Ω| =
nqe∑
j=1

1 · we
j K[ei, ej ] = αeKe[i, j]

x0

gΩ(x0) =  1ne

ne∑
i=1

gΩ|ei (x0)

Fig. 5. Approaches to treat the cut elements: a) cut ratio computation,
b) integration for assembly, c) average filtering.

However, when applying this precise quadrature rule for assembly, we ob-
tain some instabilities in the shape due to the integration of small parts of
basis functions located in regions defined by the level-set function, as well as to
the jump between material and void regions, which results in a discontinuous
field u and is approximated with higher-degree basis functions. To smooth these
results, in the assembly process, we use the standard Gauss quadrature over
the whole cut element and scale the local contribution by the corresponding
material property α, computed using the aforementioned procedure, shown in
Fig. 5b. Therefore, this approach smooths out the discontinuity in the transition
between the elements and results in a solution with less numerical noise.
Another smoothing step may be applied to the generalized topological deriva-

tive. In particular, since we define an α property at each element, it occurs that,
when evaluating the derivative at a Greville point, shared by multiple elements,
as we can see in Fig. 5c, we have more than one α at the point. And to solve
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this, we consider the average of the derivative around that point. This procedure
effectively creates a smooth transition where the material property changes and
works well as a sensitivity filter [17].
A second filtering step to smooth the generalized topological derivative g is

performed by replacing g in the spherical linear interpolation, as described in
Algorithm 1, using the solution g̃ of the PDE:

−γ∆g̃Ω + g̃Ω = gΩ in D,

∇g̃Ω · n = 0 on ∂D.
(18)

6. Numerical results

In this section, two numerical results for different geometries are presented.
In both examples, the level-set is initialized as ϕ(x) = −1, which results in
a full material background mesh, and the background mesh is discretized with
128× 128 elements. The material coefficients used are αin = 1 for the material
region Ω and αout = 10−4 for the void region D\Ω. Additionally, the parameter
for area control is l = 5, the size control coefficient for the filtering is γ = 10−4,
and the Young modulus and the Poisson ratio are 1 and 1/3, respectively. In
these examples, we investigate the sensitivity of the level-set function repre-
sentation by applying different polynomial degrees d for the level-set function
discretization and p for approximating the solution. This is done considering two
settings: one with the level-set function and the solution both approximated with
the same polynomial degree, and another with a linear level-set function rep-
resentation combined with a higher-degree approximation of the solution. For
the optimization algorithm, we consider a tolerance of εθ = 1 and a maximum
number of iterations of 200.

6.1. Cantilever

The first example is the cantilever problem, a benchmark example for topol-
ogy optimization present in a large number of research papers (see, e.g.,
[2–4, 7, 22–24, 30, 35]). In our case, the domain D is represented by the mapping
from the parameter domain D̂ = [0, 1] × [0, 1] to a rectangle of size 2× 1 with
homogeneous Dirichlet boundary conditions on the left and a concentrated load
on the right, as shown in Fig. 6a. Figure 6b shows the final design for p = d = 2,
and Fig. 7 shows the evolution of the cost function, angle, and area for the two
settings. Additionally, the final shapes for different configurations of polynomial
degree for the solution and the level-set function discretization are shown in
Fig. 8. A mesh sensitivity study with 32× 32, 64× 64, 128× 128 and 256× 256
elements is presented in Figs. 9 and 10.
These results show that higher polynomial degrees p provide better conver-

gence behavior compared to p = 1, with a faster drop in the middle region of
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a) b)

ΓD

Γ0

D

Γ0

ΓN

τ =

[
0
−1

]

Fig. 6. Cantilever problem: a) initial problem, b) final shape.
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Fig. 7. Comparison of the evolution of the cost function, angle, and area for different polyno-
mial degrees of solution approximation, with a linear level-set function representation (dotted),
and with a level-set function representation with the same polynomial degree as the solution

approximation (dashed).

a) d = p b) d = 1

J = 6.98 (p = 1) J = 6.97 (p = 2)

J = 7.00 (p = 3) J = 6.97 (p = 4)

J = 6.98 (p = 1) J = 6.97 (p = 2)

J = 7.00 (p = 3) J = 6.97 (p = 4)

Fig. 8. Final shape for different basis function degrees used for approximating the solution:
a) level-set function discretized with the same polynomial degree as the solution, b) level-set

function discretized with linear basis functions.
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Fig. 9. Comparison of the evolution of the cost function for different mesh resolutions, using
the same polynomial degrees for solution approximation and level-set function representation.
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a) b) c) d)

J = 6.40 (p = 1) J = 7.54 (p = 1) J = 6.98 (p = 1) J = 6.98 (p = 1)

J = 8.58 (p = 2) J = 7.51 (p = 2) J = 6.97 (p = 2) J = 6.98 (p = 2)

J = 8.64 (p = 3) J = 7.54 (p = 3) J = 7.00 (p = 3) J = 6.99 (p = 3)

Fig. 10. Final shapes for p = d and meshes using different numbers of elements per direction:
a) 32× 32, b) 64× 64, c) 128× 128, d) 256× 256.

the graph in Fig. 7. However, since we use a fine mesh (128× 128) to accurately
represent the topology of the shape, increasing the polynomial degree p does
not necessarily improve the accuracy of the solution. In addition, in all cases for
this fine mesh, we converge to the same final solution (shown in Fig. 8), with
similar convergence paths for higher degrees p, and the same number of steps is
required for p = 2 and p = 4 in both level-set discretization settings, see Fig. 7.
However, when using p = 3, 29 steps are required for the higher-degree level-set
discretization (d = p), compared to 24 steps for the linear level-set discretization
(d = 1). We also observe a slight difference in the final part of the area graph be-
tween different solution discretizations using odd and even B-spline degrees.
This difference happens because, in the Greville abscissae for odd degrees, some
points are shared between elements. As a result, averaging is performed around
these positions when evaluating the solution, effectively acting as a filtering pro-
cess [17]. While this helps to smooth the solution, it introduces a small difference
compared to cases where such averaging is not required.
Figures 9 and 10 show the impact of the background mesh resolution on the

final shape. As our optimization problem is not convex, it is reasonable to expect
different topologies for different mesh sizes (e.g., Fig. 10a for p = d = 1, and
Fig. 10b for p = d = 3). For p = d = 2, however, similar final topologies are ob-
tained for all different mesh sizes. In addition, since we can represent the design
more accurately with decreasing mesh size (i.e., the design space increases), we
are able to find better local minima with decreasing function values from 8.58
(Fig. 10a, p = d = 2) to 6.97 (Fig. 10c, p = d = 2). Comparing the results using
our standard mesh (128× 128, Fig. 10c) to the finest one (256× 256, Fig. 10d),
we observe the same designs with minor variations in the objective value for all
polynomial degrees. In Fig. 9, the evolutions of the cost functional for p = d = 2
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and p = d = 3 on the 128× 128 and 256× 256 meshes are identical. This demon-
strates that our method is mesh-independent, i.e., stable with respect to further
mesh refinements, with the minimal feature size determined by the filtering of
the topological derivative (18).

6.2. Quarter ring

This example has also been considered in several research papers [4, 5, 14, 22],
where the same geometry is applied under different approaches and loading con-
figurations. In our example, the domain D is defined by a mapping from the
parameter domain D̂ = [0, 1] × [0, 1] to a quarter ring of inner radius Rin = 1
and outer radius Rout = 2. Homogeneous Dirichlet boundary conditions are im-
posed on the bottom boundary, and a concentrated load is applied at (0, 2), as
illustrated in Fig. 11a. The final design for p = d = 3 is shown in Fig. 11b, while
the evolution of the level-set function and the corresponding final shapes are
presented in Figs. 12 and 13, respectively.

a) b)

ΓD

D

Γ0

Γ0ΓN

g =
[
1 0

]T

Fig. 11. Curved cantilever problem: a) initial problem, b) final shape.
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Fig. 12. Comparison of the evolution of the cost function, angle, and area for different polyno-
mial degrees of solution approximation, with a linear level-set function representation (dotted),
and with a level-set function representation with the same polynomial degree as the solution

approximation (dashed).

From these results, we observe that for p = 1 (d = 1) and p = 2 (d = 1)
the optimization stops after 80 and 43 iterations, with angles θ equal to 4.72
and 9.33, respectively, while in all of the remaining simulations an angle θ < 4
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a) d = p b) d = 1

J = 4.77 (p = 1) J = 4.16 (p = 2)

J = 4.13 (p = 3) J = 4.49 (p = 4)

J = 4.77 (p = 1) J = 5.33 (p = 2)

J = 4.12 (p = 3) J = 4.34 (p = 4)

Fig. 13. Final shape for different basis function degrees used for approximating the solution:
a) level-set function discretized with the same polynomial degree as the solution, b) level-set

function discretized with linear basis functions.

is reached, which is a reasonable value for a numerical solutions [7]. We also
notice that, although the cost function converges to a similar minimum value, all
the shapes present different solutions with different configurations of features.
Regarding the minimization, the lowest cost function values are obtained for
p = 3 (d = 1) with 4.12 and p = 3 (d = 3) with 4.13, both achieved in 200
iterations. While, for p = 2 (d = 2), a slightly higher value of 4.15 is obtained,
but it requires only 129 iterations.
In topology optimization, the presence of a local minimum is a well-known

challenge and depends on the choice of initial parameters [37]. Small variations
in the definition of the initial setting of parameters can lead to different solu-
tions. As a result, even if the initialization is too far from the global minimum,
we still can achieve a solution that converges to a local minimum [3]. There-
fore, while strategies such as refining the mesh in a coarse-to-fine approach can
partially cure this issue, they do not eliminate it [1]. In this example, we no-
tice that the possibility of setting different configurations of polynomial degrees
for the level-set discretization and solution approximation, does not overcome
this phenomenon completely. However, depending on the choice of setting, we
can obtain a solution that satisfies the condition of having a small θ. Another
parameter that can be changed and opens the possibility to find different solu-
tions is the parameter γ, which limits the size of features in the filtering process,
overcoming some noise in the final shape.

7. Conclusion

In this work, we developed an immersed isogeometric approach for level-
set-based topology optimization guided only by the topological derivative. The
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isogeometric approach within this framework provides seamless geometry up-
date through a simplified meshing process, defined by a knot vector and control
points. It also facilitates straightforward higher-order simulations, yielding re-
sults that are comparable to or slightly better than those obtained by standard
approaches. In addition, the elements cut by the level-set function are treated
using a quadrature library for implicitly defined geometries to compute a ma-
terial property used to neglect the contributions from outside the domain Ω.
A filtering process is also applied to material values to smooth changes between
elements.
This study investigated the impact of using higher-degree basis functions for

both the approximation of the solution and the discretization of the level-set
function. In this investigation, we observed that being able to perform higher-
order simulations can be beneficial in terms of iterations or final cost function
values. However, regarding the level-set discretization, we observe that using
linear basis functions yields results comparable to those obtained with higher-
degree polynomials. Therefore, although the level-set is continuous, there is a dis-
continuity in the material property between the material region and the void.
Our results indicate that using higher-degree basis functions does not directly
imply a better representation of the jump across the interface. We will further
investigate this aspect in future research. In addition, the proposed approach is
currently limited to single-patch background geometries, and extending it to
multi-patch structures is also a subject for future research.
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1. Introduction
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Fig. 1. Unmanned systems operated as autonomous sensor platforms at the German Aerospace
Center (DLR). Images: DLR, CC BY-NC-ND 3.0.

to inaccessibility for humans. However, during the routing of a sensor platform in
the complex environment of a crisis situation, the question arises as to at which
locations (additional) measurements provide information gain and thereby con-
stitute added value for decision-makers. This very question leads to the need for
goal-oriented optimal sensor placement and, in the dynamic case, to a sensor
steering problem. The task of selecting optimal measurement locations to infer
system knowledge falls within the classical field of optimal experimental design
(OED). Goal-oriented optimal experimental design generalizes this concept by
determining the optimal design not for the parameters themselves, but for a de-
rived quantity of interest (QoI). This approach offers two major advantages.
First, it enables a more application-specific formulation, as the optimal design
targets the QoI directly rather than the entire parameter space of the inverse
problem. Second, it substantially reduces computational cost, since the QoI typ-
ically has far fewer degrees of freedom in its discretized representation.
This contribution addresses the problem in the mathematical setting of in-

verse problems constrained by partial differential equations (PDEs). A selected
sensor steering strategy is developed and applied to the specific challenge of
mapping airborne contaminant dispersion in the region of interest using dis-
crete sensor measurements. By specifying the region of interest in both space
and time, the problem naturally falls within the framework of goal-oriented
optimal sensor placement.
Current methods for contaminant source identification and spread predic-

tion rely heavily on an informative sensor placement. The selection of measuring
points (sensor positions) is crucial; however, many existing studies focus solely
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on stationary sensors. This work bridges this gap by incorporating recent ad-
vances in sensor selection and experimental design to derive an algorithm for
optimal sensor steering. Our research focuses on developing a systematic ap-
proach to select sensor positions that maximize the accuracy of contaminant
source identification and prediction. By integrating current methodological ad-
vancements, our aim is to provide a practical solution for rescue workers and
first responders, enabling informed decision-making in high-stakes situations.
Whereas the numerical examples presented in this work focus on the specific
application of airborne contaminant transport, the goal-oriented optimal sensor
placement strategy is independent of the underlying physical model and can
therefore be easily transferred to other crisis management applications.
The starting point for this work is the recent publication byWogrin et al. [23],

which pioneers a dynamic sensor steering method in the context of airborne con-
taminant transport. In the present work, we extend this approach to a signifi-
cantly more complex geometry. Moreover, the inverse problem solution follows
a more advanced approach that uses a Laplacian-like trace class operator as prior
information within a Bayesian inverse problem framework [16, 20]. To achieve
approximate real-time capability, low-rank approximations of the Hessian matrix
are precomputed in an offline phase [13, 15], enabling efficient problem solving
in the online phase using a preconditioned inexact Newton-conjugate gradient
(CG) solver [19].
In the calculation of an optimal (stationary) sensor layout, Alexanderian

et al. [3] used a reduced model for the contaminant transport to determine an
A-optimal design that minimizes the average point-wise posterior variance of
the inferred parameter vector. Following extensions proposed in [5] and [18], we
focus on a goal-oriented design, i.e., the uncertainty associated with the predic-
tion of the contaminant concentration in a specific region and time is minimized.
To demonstrate the feasibility of sensor steering, a relaxed optimality criterion
compared to the A-optimal criterion is chosen for this test case. Specifically, we
use the C-optimal criterion, which focuses on minimizing the posterior variance
of a particular linear combination of the inversion parameters. This approach
eliminates the need to estimate the trace of the full covariance matrix and al-
lows us to directly assess the impact of the covariance matrix on the parameter
of interest. Alternatively, a D-optimal goal-oriented design in infinite dimen-
sions maximizes the expected information gain [3, 24]. For a broader perspec-
tive on optimal experimental design for infinite-dimensional Bayesian inverse
problems governed by PDEs, the interested reader is referred to [1]. The re-
mainder of this paper is organized as follows. Section 2 provides background
and mathematical formulations of the forward problem of contaminant trans-
port, the inverse problem of source identification, as well as sensor positioning
strategies and goal-oriented optimization. The combination of methodological
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developments into an algorithm for goal-oriented optimal sensor placement and
steering is described in Sec. 3. Section 4 introduces dynamic sensor steering,
showing how a mobile sensor can be guided in real time to maximize informa-
tion about the contaminated field. Numerical results are presented in Sec. 5 for
three test cases of goal-oriented optimal sensor placement: (a) identifying an
instantaneous contaminant source in a user-defined area of interest, (b) mon-
itoring an area of special interest over a predefined time window, and (c) steering
a moving sensor. Finally, Sec. 6 offers a conclusion and outlook.

2. Background

2.1. Forward problem: contaminant distribution evolution

A mathematical description of the transport of a substance (contaminant)
concentration u in a bounded open domain Ω ⊆ Rn for n ∈ {2, 3}, as shown in
Fig. 2, is given by the following equation:

rK(u) := ut − κ∆u+ v · ∇u = 0 in (0, T )×Ω,

κ∇u · n = 0 in (0, T )× (Γ+ ∪ Γ0),

u = 0 in (0, T )× Γ−,

u(0, ·) = m in Ω.

(1)

a)

Ω
Γ0 Γ0

Γ0

Γ−

Γ+

m(x)

b)

c) d)

Fig. 2. Forward simulation of airborne contaminant transport on a campus geometry. Compu-
tational domain Ω with highlighted inflow (Γ−), outflow (Γ+), and characteristic (Γ0) bound-
aries as well as the initial contaminant source u(0, ·) = m(·) (a). Estimated wind vector

field v (b), initial condition (c), and simulated concentration at t = 10 s (d).
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The parameter-dependent forward problem shown in Eq. (1) is formulated for
realizations of the parameter m. A visualization of the contaminant dispersion
is provided in Fig. 2.
The underlying transport process is governed by a wind vector field v, which

is assumed to be sufficiently smooth, bounded – i.e., v ∈ L∞(Ω,Rn) – and
divergence-free – i.e., ∇ · v = 0. The example wind vector field used hereinafter
is shown in Fig. 2b. Based on the orientation of the wind vector relative to the
outward-pointing boundary normal n, the domain boundary ∂Ω is partitioned
into three disjoint subsets: the outflow boundary Γ+ ⊂ ∂Ω, where v · n > 0;
the characteristic (or tangential) boundary Γ0 ⊂ ∂Ω, where v · n = 0; and the
inflow boundary Γ− ⊂ ∂Ω, where v · n < 0, following the convention in [10].

2.2. Inverse problem: source identification

Whenever measurements of the concentration at discrete locations and times
are available, an obvious question is whether the initial condition can be recon-
structed on the basis of the given measurements. The respective inverse problem
is illustrated in Fig. 3, see also [20]. As the function space for the initial condition,
we consider an admissible subset of square-integrable functions. For instance, we
define D := H1,2

Γ−
(Ω) :=

{
m ∈ H1,2(Ω)

∣∣ m|Γ− = 0
}
, where H1,2(Ω) denotes the

Sobolev space of square-integrable functions whose weak derivatives ∂iu exist
and are square-integrable. The gradient is denoted as ∇u = (∂1u, ∂2u), and the
norm on H1,2(Ω) is defined as

∥u∥H1,2(Ω) :=



�

Ω

u2 + ∥∇u∥22 dx




1/2

.

In this setting, the estimation of the initial value leads to an optimization prob-
lem, which will be addressed in the following. The first step is to describe sensor
measurements within this formulation.

a) b)

Fig. 3. Inverse problem. Measurements at 96 equidistantly spaced sensor positions (a) and
reconstructed initial condition (solution of the inverse problem (b)).
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To incorporate sensor measurements, let T0 > 0 be fixed and consider space-
time points (tobsi , xobsi ), i = 1, ..., q, with tobsi ∈ [T0, T ) and interior points
xobsi ∈ Ω = Ω \ ∂Ω. For the transient problem in Eq. (1) on a smooth do-
main Ω, the diffusion term induces strong smoothing on the parameter field m.
By standard parabolic regularity (see, e.g., [11]), u(t, ·) embeds in the space of
continuous functions C0(Ω) on the closure of Ω for any t > 0. Since continuity is

only required near the observation points, define Ωo :=
q⋃

i=1
Br0(x

obs
i ) ⊂ Ω, where

r0 > 0 is chosen such that u ∈ C0([T0, T ] × Ωo) admits a continuous represen-
tation. This ensures the formulation remains valid for less regular domains Ω.
Finally, we define a well-posed and bounded space-time observation operator

B : C0([T0, T ] × Ωo) → Rq by u 7→
q∑

i=1
δ(tobsi ,xobsi )(u) ei =

(
u(tobsi , xobsi )

)q
i=1
,

where ei is the standard basis of Rq. Using this observation operator, the final
parameter-to-observable map F : D → Rq is defined by

F(m) := B ◦ K(m), with K(m) := u such that rK(u) = m. (2)

Here, K is the parameter-to-state map, mapping the parameter space D to the
state space, often referred to as the ‘model’ in this context [8]. An example
problem in which K maps the initial condition u0 to the solution of u(t = 10 s, ·)
is illustrated in Fig. 2.
The next step is to model sensor noise, which is usually present in real-world

measurements. To this end, it is assumed that the observations d = F(m) + ϵ

contain centered additive Gaussian noise ϵ ∼ N (0, Γnoise) due to measurement
uncertainties. For the sake of simplicity, it is further assumed that the sen-
sor noise at the different sensor positions is uncorrelated and of equal magni-
tude, represented by the diagonal matrix Γnoise = diag(σ2, ..., σ2). Moreover,
the conformity of the simulation with the measured values, also called misfit,
y = F(m)− d, is evaluated in the following norm:

||F(m)− d||2
Γ−1
prior

= 1/σ2
q∑

i=1

(
u(tobsi , xobsi )− di

)2
.

In summary, the inverse problem consists of using available measurements d to
infer the values of the unknown parameter field m. Alternatively, the maximum
a-posteriori point mmap can be characterized as the solution of the minimization
problem:

mmap = argmin
m∈D

J(m) :=
1

2
||F(m)− d||2

Γ−1
noise

+
1

2
||m−mprior||2Γ−1

prior
, (3)

with the prior information encoded as a Tikhonov regularization term.
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Unfortunately, the system is heavily under-determined under realistic con-
ditions, as sensor measurements are only available at a few locations, whereas
the initial condition is to be reconstructed for the entire domain. In order to
transform this into a well-posed problem, some prior knowledge is needed and
a formulation as a Bayesian inverse problem provides a suitable framework.
In this setting, a Gaussian prior N (mprior, Γprior) with mean mprior and co-
variance Γprior is chosen for parameter regularization. Then, the posterior den-
sity of m satisfies by Bayes’ theorem: πpost(m|d) ∝ πlike(d|m)πprior(m) . Here,
πlike(d|m) ∝ exp(12 ||F(m)−d||2

Γ−1
noise

) is the likelihood function under the obser-

vational Gaussian noise ϵ ∼ N (0, Γnoise). Due to the linearity of F , the posterior
distribution is again a Gaussian distributionN (mmap, Γpost) with covariance and
mean:

Γpost = (F∗Γ−1
noiseF + Γ−1

prior)
−1,

mmap = Γpost(F∗Γ−1
noised+ Γ−1

priormprior) .
(4)

Here, the formal adjoint operator F∗ : Rq → D∗ is required for this framework.
For the mapping F : D → Rq between Hilbert spaces, the formal adjoint op-
erator F∗ is characterized by the relation ⟨F(m),y⟩Rq = ⟨m,F∗(y)⟩L2(Ω) for
all y ∈ Rq and m ∈ D, and its existence follows from Riesz’s representation
theorem [4]. The posterior covariance or Hessian H := F∗Γ−1

noiseF + Γ−1
prior of the

objective function J , see Eq. (3), contains a wealth of information about the sys-
tem. In line with the Bayesian framework [20], the covariance or inverse Hessian
matrix can be employed to predict the uncertainty of the system and is of par-
ticular significance for optimal sensor placement in the following section.
The mean value mmap is a reliable estimate for the initial value and thus

represents the solution of the inverse problem Fig. 3. In order to calculate mmap
from Eq. (4), a further specification of the adjoint operator F∗ is necessary.
By applying integration by parts to the weak form of Eq. (1), the adjoint state p
can be derived and satisfies the following equation:

−pt − κ∆p− div (pv) = − 1

σ2

q∑

i=1

yi δ(tobsi ,xobsi ) in (0, T )×Ω,

(vp+ κ∇p) · n = 0 in (0, T )× (Γ+ ∪ Γ0),

p = 0 in (0, T )× Γ−,

p(T, ·) = 0 in Ω,

(5)

for given y ∈ Rq. Finally, the adjoint operator F∗ can be explicitly determined,
resulting in F∗y = p(0, ·).
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2.3. Goal-oriented optimal experimental design: sensor placement

So far, a model for the forward problem and an estimate of the initial con-
dition, given a fixed sensor configuration, have been derived. However, the ques-
tion of how such a sensor arrangement ought to be chosen remains unanswered.
As mentioned in the previous section, the covariance of the posterior, or more
specifically, the Hessian matrix, plays a crucial role in developing an indicator
for the uncertainty in the system. In classical Bayesian optimal experimental
design (OED), a design functional Φ serves as a quantitative criterion for the
uncertainty described by the covariance matrix and is used to guide the selection
of an optimal experimental setup. Specifically, the optimization problem

min
w∈W

(
Φ[Γpost(w)] +R(w)

)
(6)

is solved, where W denotes the set of all valid sensor configurations, and R is
a suitable regularization term. As in [2], a finite set of candidate sensor place-
ments (tobsi , xobsi ) ∈ [T0, T ]×Ω for 1 ≤ i ≤ q is considered. An example of a spa-
tial grid with 96 sensors can be seen in Fig. 3. For this set of candidate locations,
a weight vector w ∈ [0, 1]q is defined with the i-th candidate entry correspond-
ing to the i-th location in space and time. In fact, the weight vector determines
which measurements are realized or taken into account. In the case of stationary
sensors located at positions xobss , measurements collected at these spatial points
over the entire time horizon, denoted as (·,xobss ), are constantly weighted and
included in the misfit. Hence, the number of independent entries in the weight
vector reduces to the number of possible stationary sensor positions. If we con-
sider a mobile sensor, we have a trajectory γ : {tobs0 , ..., tobss } → {xobs0 , ...,xobss }.
For points on the trajectory (tobsi ,xobsi ) the sensor weight is set to wi = 1. All
weights away from the trajectory are set to 0. To adjust the forward model to
the chosen sensor configuration, we consider the diagonal matrixW ∈ Rq×q with
Wii = wi. If we denote the parameter-to-observable map for all sensor positions
as F , then for each design w ∈ W, we have F(w) = WF . Taking this further
and usingW to modify the noise matrix, the influence of a selected sensor layout
is also captured in the likelihood function

πlike(d|m,w) ∝ exp

{
−1

2
(F(m)− d)TW 1/2Γ−1

noiseW
1/2(F(m)− d)

}
.

In consequence, the posterior covariance and mean also depend on the sensor
layout via (cf. Eq. (4)):

Γpost(w) = (F∗W 1/2Γ−1
noiseW

1/2F + Γ−1
prior)

−1,

mmap(w) = Γpost(F∗Γ−1
noiseWd+ Γpriormprior) .

(7)
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In Bayesian optimal experimental design, the objective is to construct ex-
periments that minimize the posterior uncertainty in the unknown parame-
ter field m. This approach belongs to the broader class of inverse uncertainty
quantification methods. Goal-oriented optimal experimental design extends this
framework by additionally incorporating forward uncertainty quantification into
the design objective. This is achieved by introducing a goal QoI, denoted by ρ.
Following [5, Sec. 3], we consider a QoI defined as the action of a bounded
linear operator P on the parameter field, i.e., ρ = Pm. Due to the linearity
of P, the prior distribution of ρ is Gaussian. In particular, ρ ∼ N (ρprior, Σprior),
with mean ρprior = Pmprior and covariance Σprior = PΓpriorP∗. The resulting
Bayesian inverse problem is well-defined, and the posterior distribution of the
QoI given measurements d is also Gaussian: πpost(ρ | d) ∼ N (ρpost, Σpost).
The posterior mean and covariance are given by:

Σpost = P Γpost P∗ and ρpost = Pmmap,

where Γpost and mmap are the derived quantities from Eq. (7).

3. Discretization, preconditioning, and sparsification

3.1. Finite element discretization

To solve the PDE problems (Eq. (1) and Eq. (5)) numerically, a finite
element discretization is employed using ndof Lagrange basis functions Vh =
span{ϕ1, ..., ϕndof}. Moreover, we find an identification between a vector in Rndof

and finite elements I : Rndof → Vh via I(a) =
ndof∑
i=1

aiϕi. This leads to dis-

cretized versions of the parameter-to-observable map Fh : Rndof → Rq defined by
Fh(mh) = B(uh), where uh solves Eq. (1) in a weak form, and its adjoint operator
F∗
h : Rq → Rndof given by F∗

hy = ph(0, ·), where ph solves Eq. (5) in a weak form.
The identification is an isometry, i.e., ⟨I(a), I(b)⟩L2(Ω) = ⟨a, b⟩M =: aT M b,
where the mass matrix Mji :=

�
Ω

ϕi(x)ϕj(x) dx, M ∈ Rndof×ndof is used to de-

fine the corresponding scalar product. For further details of the finite element
discretization, we refer to [20] and [21].

3.2. Preconditioning of the discrete inverse problem

To solve the discrete inverse problem, the prior distribution needs to be
carefully chosen. A Laplacian-like operator of trace class A := (η I − γ∆), with
Robin boundary condition, γ∇m · n + βm = 0 in (0, T ) × ∂Ω, is applied with
the constant β as proposed in [9]. This operator serves as a suitable covari-
ance operator for the prior, e.g., Γprior = A−2 = (η I − γ∆)−2. In addition,
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its discrete counterpart is given by the mapping Γprior,h : Rndof → Rndof via
Γprior,h = (M−1A)−2 = A−1MA−1M := R−1M , with matrix representation
Aij =

�
ϕi(x)Aϕj(x) dx.

Combining this covariance operator with an appropriate prior mean mprior
(in our applications, e.g., mprior = 0) renders the inverse problem well-posed
and its solution can be found by solving the following equation for mmap:

Hh(w)mmap = F∗
hΓ

−1
noise(Wd) + Γprior,h

−1mprior, (8)

for the discrete version of the Hessian, that is, Hh(w) = F∗
hW

1/2Γ−1
noiseW

1/2Fh+
Γprior,h

−1. Since directly determining the Hessian matrix is computationally ex-
pensive for large-scale problems (requiring O(ndof)-PDE solutions), an itera-
tive CG method is employed. This approach requires only the action of the
Hessian-vector on a given vector mk ∈ Rndof at each iteration. Specifically,
the Hessian action is computed by the following steps: first, solve the forward
equation d = Fh(mk) = B(uh), then, solve the corresponding adjoint equation
F∗
h

(
W 1/2Γ−1

noiseW
1/2 d

)
= ph(0, ·), next, compute m̃k = Γprior,hmk, and finally

obtain the Hessian action as Hh(w)mk = ph(0, ·) + m̃k.
Since two PDE solutions have to be determined per iteration, a reduced

model of the Hessian matrix is precomputed in advance so that the inverse
problem can be solved quickly. In addition, using the Cholesky decomposition
of the prior covariance, Γprior,h−1 = (M−1A)(M−1A)∗, one obtains the precon-
ditioned Hessian matrix as:

(A−1
h )∗Hh(w)A−1

h = (Fh ◦ A−1
h )∗W 1/2Γ−1

noiseW
1/2(Fh ◦ A−1

h ) + I, (9)

where A−1
h = (A−1M). This preconditioned system F◦A−1 has rapidly decaying

eigenvalues. Therefore, we follow [14, 20] in constructing a low-rank approxima-
tion of the prior-preconditioned misfit part of the Hessian, i.e., Hmisfit

h (w) :=
(Fh◦A−1

h )∗W 1/2Γ−1
noiseW

1/2(Fh◦A−1
h ) by solving the symmetric eigenvalue prob-

lem [13, 15]:

Hmisfit
h (w)vi = λiM Γprior,h

−1vi = λiRvi

for an orthogonal basis Vr = (v1, ..., vr) ∈ Rndof×r and λ1 ≥ ... ≥ λr using the
scalar product induced by MΓprior,h

−1, i.e., ⟨a, b⟩MΓprior,h
−1 =: aT MΓprior,h

−1 b.
Applying the Sherman–Morrison–Woodbury formula, we write:

Ah(Hh(w))−1Ah = (H̃misfit
h (w)− I)−1 ≈ I + VrDr(w)V T

r , (10)

where Dr = diag (λ1/(1 + λ1), ..., λr/(1 + λr)) is a low-rank approximation of
the Hessian. Detailed information on this approach can be found in [2] and [14].
Using this approximation, the solution of Eq. (8) can be determined with a pre-
conditioned Newton-CG method, see [19, 20].
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3.3. Sparsification of sensor layouts and optimality criteria

Obviously, the trace of the posterior covariance is minimized when every
sensor weight is set to 1, which corresponds to using all available information
to reduce the level of uncertainty. Thus, to derive a sparse sensor configura-
tion, a penalty term must be introduced into the optimization problem (Eq. (6)).
A common choice for the regularization term in Eq. (6) is the ℓ1-norm, which
leads to a convex minimization problem with a unique minimizer. Specifically,
the regularization term is defined as:

R(w) := α∥w∥1 = α1⊤w, (11)

where α > 0 is the regularization parameter and 1 is a vector of ones. Finally,
a binary sensor configuration {0, 1}q is obtained by considering only sensor
locations with weights above a chosen threshold.
It should be noted that the resulting binary vector is not the optimal bi-

nary weight vector. Obtaining such an optimal solution requires solving the
ℓ0-regularized problem considered in [2]. The key idea of that approach is to
employ a regularization term based on the number of nonzero entries in w, i.e.,

R(w) := α
∑

wi ̸=0

1.

To approximate this discontinuous penalty, a sequence of strictly convex func-
tions fj(w) is introduced such that fj(w) −→ ∑

wi ̸=0

1 as j → ∞. At each itera-

tion, the optimization problem

min
w∈W

(
Φ[Γpost(w)] + fj(w)

)

is solved and the optimizer obtained at iteration j is used as the initial value for
iteration j+1. While effective, this procedure entails substantially higher compu-
tational cost. Moreover, as observed empirically in [2, Subsec. 6.1.4], the sensor
configurations obtained using this ℓ0-approximation strategy offer only marginal
improvement compared with those produced by ℓ1-regularization followed by
a simple thresholding step. Since a highly efficient method is required for the
sensor steering presented in Subsec. 5.3, we therefore employ an ℓ1-regularization
approach.
The A-optimality criterion for sensor placement minimizes the integrated

point-wise posterior variance in linear Bayesian inverse problems:
�
Ω

Var [m(x)] dx =

tr (Γpost(w)). To compute the discrete variance field σ2(x) := Var [m(x)], one
can extract the diagonal of the inverse Hessian matrix in the finite element ba-
sis, assigning each diagonal entry to its corresponding node. However, this exact



158 M. Mattuschka et al.

calculation is computationally expensive (O(ndof)), so the reduced-order model
(Eq. (10)) is used for visualization. Figure 4b shows the variance field σ2(x) of
mmap obtained with a C-optimal sparse sensor layout.

a) b)

Fig. 4. Region of interest P defining the QoI (a) and point-wise variance σ2(x) of mmap
obtained with five selected sensors (green spheres (b)).

Moreover, the prior covariance is computed using approximate random sam-
pling [20]. Finally, computing the trace of the inverse Hessian is costly. Therefore,
we relax A-optimality to a C-optimal design, which requires only the evaluation
of the Hessian’s action on a fixed vector c ∈ Rndof [1]. In this case, the design
criterion becomes Φ(w) = cTΓpost(w)c.

4. Goal-orientation and sensor steering

4.1. Goal-oriented optimal experimental design

In the next step, the presented method is adjusted to achieve goal-oriented
C-optimal experimental designs for stationary sensors. To this end, an operator
P : D → R is first selected so that the design, namely the sensor placement,
is optimized to observe the initial conditions in a region P ⊂ Ω, as shown in
Fig. 4. This simplification via forward uncertainty quantification, defined by
the operator P, leads to a C-optimal design for the problem in Eq. (7), as
described in [1].
The indicator function of a subset, that is the function 1A : Ω → {0, 1},

which for a given subset A of Ω, takes the value 1 at points in A and the value
0 at points outside of A, is used to define our operator P. If an optimal design
for the initial condition m is desired, the operator P does not depend on the so-
lution u, or more specifically, it does not depend on the operator F . Concretely,
the operator for the QoI is given by P(m) := ⟨m,1P ⟩L2(Ω) =

�
P

m(x) dx. By

identifying the dual space of L2(Ω) and defining the adjoint operator, it follows
that P∗ = 1P , and the design function for the optimal experimental design
takes the form tr[Γpost(w)] = ⟨1P , Γpost(w)1P ⟩L2(Ω). In a finite element setting,
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the function 1P is represented by a vector c ∈ Rndof via the standard projection,
i.e., 1P − ch ⊥ Vh into the finite element space Vh = {ϕ1, ..., ϕndof

}. Accord-
ing to [1, Subsec. 4.1], the design function is given by Φ(w) = cTh M H−1

h (w)ch.
Together with a suitable regularization term, e.g., α||w||l1 , an optimal design
can be obtained by minimizing the objective cTh M H−1

h (w) ch + α||w||l1 which
is illustrated in Fig. 4. If this procedure is generalized to determine an optimal
sensor placement for the contaminant concentration over a specific spatial region
and time interval, the operator P must be extended accordingly. Specifically, by
defining P over a subset of space-time, e.g., [TQoI0 , TQoIfinal]× P , the operator P is
then constructed as:

P(m) =

T�

0

�

Ω

1
[TQoI0 ,TQoIfinal]×P

K(m)(t,x) dt dx =

TQoIfinal�

TQoI0

�

P

u(t,x) dt dx.

Again, the adjoint of P is needed. For this, we calculate

P∗(1)(m̂) = ⟨K(m̂),1
[TQoI0 ,TQoIfinal]×P

⟩L2(Ω)

= ⟨m̂,K∗1
[TQoI0 ,TQoIfinal]×P

)⟩L2(Ω),

and therefore the map c is obtained by c := P∗(1) = K∗(1
[TQoI0 ,TQoIfinal]×P

), since

m̂ was arbitrary. More precisely, the map c satisfies the following PDE:

−ct − κ∆c− div (cv) = 1
[TQoI0 ,TQoIfinal]×P

in (0, T )×Ω,

(vc+ κ∇c) · n = 0 in (0, T )× (Γ+ ∪ Γ0),

c = 0 in (0, T )× Γ−,

c(T, ·) = 0 in Ω.

(12)

In Fig. 5a an example of a constant-over-time QoI 1
[TQoI0 ,TQoIfinal]×P

is shown. The

corresponding map c(t = 0) is visualized in Fig. 5b. Returning to the definition,
the objective function for the goal-oriented sensor design reads:

Φ(w) = PH−1(w)P∗(1) = P(H−1(w)c)

= ⟨K(H−1(w)c),1
[TQoI0 ,TQoIfinal]×P

⟩L2(Ω)

= ⟨H−1(w)c,K∗(1
[TQoI0 ,TQoIfinal]×P

)⟩L2(Ω) = ⟨c,H−1(w)c⟩L2(Ω).

Thus, the time-dependent case is reduced to finding an optimal design for the
initial conditions of the transported QoI c, which must be found and coincides
with the stationary case.
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a) b)

Fig. 5. Illustration of an example QoI 1[TQoI0 , TQoIfinal]× P (kept constant over time (a)) and solu-
tion K∗(1[TQoI0 , TQoIfinal]× P )(t = 0, ·) of transport problem induced by adjoint operator K∗ (b).

For the numerical evaluation of this objective function and its gradient,
which are required to minimize the regularized design function using the limited-
memory Broyden–Fletcher–Goldfarb–Shanno algorithm with bound constraints
(L-BFGS-B) solver, we start again with the inverse low-rank approximation of
the Hessian from Eq. (10) and proceed to compute the design function as follows:

Φ(w) = ⟨c,H−1(w)c⟩L2 ≈ cThA−1
h (I − VrDrV

T
r )A−1

h ch.

For a shorter notation, we introduce q̂h := (I − VrDrV
T
r )A−1

h ch, qh := A−1
h q̂h

and obtain Φ(w) ≈ cTh qh. Hence, the calculation of the of the trace reduces to
a projection in the low-rank subspace and solutions of an elliptic problem A,
respectively Ah, for which very fast solving strategies exist. To calculate the
derivative, we follow [2] and conclude for this simplified case

∂

∂wi
Φ(w) = (F i(q))2 ≈ (F i

h ◦ A−1
h (q̂))2. (13)

So, this calculation can be replaced by a surrogate model for the precondi-
tioned forward operator. In principle, this procedure can be extended to a stronger
optimality criteria, such as A- or D-optimal designs.

4.2. Dynamic sensor steering based on goal-oriented
optimal sensor placement

A method will now be presented which is capable of dynamically control-
ling a sensor in such a way that a greater knowledge of the actual contaminant
concentration can be generated. We assume that some knowledge about the con-
centration is already available from certain stationary sensors, i.e., the true contam-
inant field already possesses an appreciable concentration at these sensor loca-
tions, so that the inverse problem can be solved. This scenario can be seen in
Fig. 6. We then define the QoI so that its center point is at the maximum of
the reconstructed initial condition. The optimum design is then calculated on
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a) b)

c) d)

Fig. 6. Dynamic sensor steering test case with stationary sensor (green) and mobile sensor
(purple trajectory): a) true concentration field at u(·, t = 2.2 s) during the second steering
time step, b) maximum-a-posteriori estimate mmap of the inverse problem and algorithmically
selected zone of interest (red square), c) optimal sensor design, d) target position of the mobile
sensor (red sphere), true concentration field u(·, t = 7 s) shown in background of (c) and (d)

to visualize transport problem dynamics.

this basis and the sensor is steered to the position with the highest weight w.
After the next measurement is collected, the procedure is repeated from the
beginning. This method is schematically shown in Fig. 7. In this way, we obtain
a trajectory γ : {tobs0 , ..., tobss } → {xobs0 , ...,xobss } for the steered sensor.

Sample measurements d for [T0;Tstep]

Solve inverse problem for m

Set center of QoI region
to position of max(m)

Calculate optimal design for QoI

Steer sensor to position
with highest weight w

Tstep ← Tstep + ∆tobs

Fig. 7. Algorithm for dynamic sensor steering based on goal-oriented sensor placement [22, 23].
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5. Numerical results of optimal experimental designs

In order to simulate scenarios on real-world domains, we use a highly au-
tomated process for grid generation. Building imprints as obstacles for two-
dimensional contaminant transport are imported directly from OpenStreetMap
(OSM), and locally refined triangular meshes are generated for the region of
interest [7]. The forward model is implemented with stabilized linear Lagrange
finite elements in the software framework FEniCs [6]. The FEniCs extension
hIPPYlib (Inverse Problem PYthon library [20]) is used for the implementation
of the inverse problem.
In the three following inverse problem OED examples, we use the forward

simulation of Eq. (1) illustrated in Fig. 2, as the ground truth. Two radially
symmetric functions:

mxs(x;xs, r) = min
{
0.5, exp

(
−ln(ϵ)||x− xs||22/r2

)}
, ϵ = 0.001,

describe the initial concentration field defined as:

u0(x) = mxs(x;xs = [−100m,−80m], r = 25m)

+ mxs(x;xs = [75m,−80m], r = 25m). (14)

The initial concentration field is transported by the vector field v. For the
considered test cases, we estimate the stationary wind vector field as the so-
lution of the incompressible Navier–Stokes equations with wind entering the
given geometry from the south at v = 10ms−1. This condition is realized us-
ing a Dirichlet boundary condition. In the inner boundaries that represent the
imprints of the buildings, a no-slip condition is applied. The remaining edges
correspond to free boundary conditions. For the chosen Reynolds number of 50,
we obtain the laminar wind field visualized in Fig. 2. Moreover, the diffusion
coefficient is selected as κ = 1m2 s−1, resulting in a transport problem with
a moderate Peclet number. Finally, the time step size for the implicit Euler time-
stepping scheme is set to 0.05 s. In the parametrization of the prior, the constants
were chosen as η = 8 and γ = 800, yielding the operator A := 8 I − 800∆.
In order to make this problem computationally feasible, reduced-order mod-

els (ROMs) of the forward and adjoint operators are derived. Considering the
forward operator Fh : Rndof → Rq, it is observed that it constitutes a linear
mapping from a high-dimensional to a lower-dimensional space. Thus, a singu-
lar value decomposition is performed to construct a ROM; see also [13, 15]. The
decomposition provides singular values λ1 ≥ ... ≥ λr, an L2-orthogonal basis
Ur = (u1, ..., ur) ∈ Rndof×r and an orthogonal basis Vr = (vr, ..., vr) ∈ Rq×r.
During the online phase, for example when the precomputed ROM is used for
sensor steering, the selected initial condition is projected so that only matrix-
vector multiplications are required:
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Fh(mh) ≈ Vr Dr Ur M mh,

where mh ∈ Rndof and Dr = diag(λ1, ..., λr).
As discussed in Eq. (9) and Eq. (13), it is also viable to construct a ROM

directly for the preconditioned forward operator. The singular values of the
operators Fh and Fh◦A are compared in Fig. 8a. It is observed that the singular
values of the preconditioned operator decay faster and therefore the number of
computations that have to be performed to construct a ROM with acceptable
accuracy is reduced. Fig. 8b shows that the ROM approximates the forward
operator fairly well. Furthermore, the computed singular value decomposition
is reused to approximate the adjoint operator F∗

h : Rq → Rndof with a ROM as
well, namely, F∗

h(y) ≈M Ur Dr Vr y, for y ∈ Rq.

a) b)

Fig. 8. Reduced-order modeling. Decay of singular values of the Fh and of preconditioned
Fh ◦ A (a), comparison of the ROM with the forward model Fh evaluated at the sensor

positions (b).

To assess the benefits of the reduced model in the context of forward eval-
uations, we first performed a single evaluation of the full-order model, which
required approximately 1 s on our hardware. To simulate a scenario relevant
to optimal sensor placement, the reduced model was used to evaluate the full-
order model at 96 spatial positions over 90 time steps, resulting in a total of
q = 8640 measurements. In total, we computed 200 spectral values. On average,
each evaluation of the reduced model took 6.25ms, yielding a relative speedup
of approximately 160× compared to the full-order model.

5.1. OED 1. Sensor configuration to reconstruct initial condition
in a critical area

As the first example of a goal-oriented optimal experimental design, we ad-
dress the problem of identifying an optimal sensor layout to recover the ini-
tial condition in a defined subset of the computational domain P1 := {(x, y) ∈
Ω | 75 ≤ x ≤ 125, −100 ≤ y ≤ −60}. In a practical application, P1 might repre-
sent a critical area of a chemical plant site where hazardous material is stored.
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The inverse problem is posed under the assumption that only stationary sensors
are used. These sensors sample the concentration at a rate of 5Hz, beginning
at T0 = 2 s. Measurements taken after 12 s are not taken into account. A noise
variance of σ2 = (0.005)2 is assumed, resulting in a signal-to-noise ratio of ap-
proximately SNR ≈ 100. Moreover, a regularization parameter of α = 0.1 is
applied to obtain a sparse sensor configuration, see Eq. (11). The selected do-
main where the QoI is inferred is indicated in Fig. 4a, along with the optimal
sensor configuration (Fig. 4b). Moreover, the point-wise variance, which rep-
resents the uncertainty in the reconstruction, is also illustrated in Fig. 4. The
solution to the inverse problem represented by mmap is visualized in Fig. 9.
The numerical result demonstrates a reconstruction quality in P1 comparable
to that achieved using the full configuration with 96 sensors (Fig. 3), despite
using five optimally selected sensors in OED 1.

a) b)

Fig. 9. OED 1. Weights of the optimal sensor configuration for monitoring P1 (a) and recon-
structed initial condition ((b), ground truth shown in Fig. 2).

5.2. OED 2. Configuration to monitor concentration evolution
in a critical area

In the second scenario, our aim is to secure a specific area for a given time
period. To achieve this, the QoI is defined to depend on the state u. To create
a meaningful scenario, we shift P2 := {(x, y) ∈ Ω | 75 ≤ x ≤ 125, 60 ≤ y ≤ 100}
upwards. The goal of OED 2 is to ensure that concentration values can be
predicted correctly in region P2 during the time interval from 5 s to 12 s. This
setup results in the following operator:

P2(m) =

TQoIfinal=12 s�

TQoI0 =5 s

�

P2

K(m)(t,x) dt dx =

TQoIfinal=12 s�

TQoI0 =5 s

�

P2

u(t,x) dt dx.

The sensor weights w in Fig. 10 are computed using a regularization parameter
of α = 1.0. In this case as well, the source relevant to the QoI is reconstructed
accurately using the optimized sensor configuration. The reconstructed initial
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a)

b) c)

Fig. 10. OED 2. Weights of the optimal configuration for monitoring the concentration evolu-
tion in P2 (a), reconstructed initial condition (b), predicted concentration for T = 10 s (c).

condition and the corresponding prediction are shown in Fig. 10. As illustrated
in Fig. 11, the reduction in uncertainty is concentrated primarily in the region
relevant to QoI compared with the complete sensor configuration.

a) b)

Fig. 11. OED 2. Point-wise variance σ2 as a measure of uncertainty in the inferred parameter
for the optimal configuration for P2 (a) compared to the full sensor grid (b).

5.3. OED 3. Dynamic sensor steering for source identification

Finally, the sensor steering method described in Subsec. 4.2 is tested in a nu-
merical application case with κ = 10m2 s−1. To steer the sensor, a much finer
sensor grid consisting of 1511 possible sensor locations is used. In this setup,
the moving sensor is allowed to take one step on this grid per cycle, which
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needs 0.2 s and thus corresponds to a measurement frequency of 5Hz. This
corresponds to a speed of approximately 40m s−1 for the moving sensor. To
demonstrate the capabilities of the sensor steering approach, we placed a single
stationary sensor just behind one of the obstacles. However, due to the trans-
port characteristics in this region, information solely from this stationary sensor
results in an inaccurate reconstruction of the source, which grossly underesti-
mates the degree of contamination further from the buildings. In addition to
the stationary sensor, measurements from a mobile sensor are available. The
measurement process begins at time T0 = 2 s, with data collected at a frequency
of 5Hz. The state u at Tstep = T0 = 2 s is shown in Fig. 12a. At this point, the
stationary sensor receives very limited information and is unable to provide an
accurate source estimate. However, computing the optimal sensor design based

a) Concentration u at t = 2 s (truth) b) Reconstruction of m with data up to t = 2 s

c) Concentration u at t = 4.6 s (truth) d) Reconstruction of m with data up to t = 4.6 s

e) Concentration u at t = 7 s (truth) f) Reconstruction of m with data up to t = 7 s

Fig. 12. OED 3. Data fusion of stationary sensor (marked in green) and mobile sensor (marked
in purple). Mobile sensor steered to maximize information gain (trajectory marked with small

purple spheres).
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on the current QoI, defined as the integral over a square measuring 40m on each
side, centered on the maximal point of the reconstructed initial condition, yields
favorable estimates for informative measurement positions. The mobile sensor
is then directed toward the location associated with the highest weight w, as
determined by the C-optimal design criterion, computed over the observation
period [Tstep, Tstep+2 s] with the same sampling rate of 5Hz, wherein we take as
sensor weights for times prior to Tstep, the actual past locations of the sensor. In
the subsequent time steps, illustrated in Fig. 12c, the sensor continues to move
toward regions of increasing concentration. In Fig. 12d, at Tstep = 4.6 s, the
mobile sensor reaches the core of the contaminant. Finally, Fig. 12e and Fig. 12f
demonstrate that the mobile sensor continues to accurately track the contami-
nant in further time steps. Comparing the performance of the stationary sensor
alone with the combination of a stationary sensor and dynamically steered one,
we find, as depicted in Fig. 13, that the mobile sensor achieves substantially
improved reconstruction accuracy after just 7 s, whereas the stationary sensor
fails to produce a reliable estimate even after 12 s.

a) Reconstruction of m b) Reconstruction of m

c) Prediction t = 7 s d) Prediction t = 7 s

Fig. 13. OED 3. Comparison of predictions with mobile sensor and stationary sensor (a,c)
and stationary sensor alone (b,d).

6. Conclusion and outlook

This paper investigated a novel approach for goal-oriented optimal static
sensor placement and dynamical sensor steering for PDE-constrained problems.
Adopting previous work by Wogrin et al. [22, 23] on dynamic sensor steering,
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we leveraged a Bayesian approach for the solution of the inverse problem, accel-
erated by offline low-rank approximations of the Hessian matrix and an online
preconditioned inexact Newton-CG method. The resulting framework was then
applied to a more complex geometry extracted from real-world map data. We
showcased the strengths of the proposed workflow i three application cases in
the field of airborne contaminant transport. In the first example, we derived
an optimal placement of stationary sensors to recover the initial condition in-
side a spatially constrained rectangular region. The results showed that our
proposed method only required five sensors to reconstruct the initial condition
locally with accuracy comparable to the full configuration of 96 sensors. In our
second example, we extended the QoI in the sense that a RoI was monitored
not only at a specific time instance, but also over a fixed time period. From
a practical point of view, this corresponds to the goal of securing a specific area
for a given time period. Using only eight optimally placed sensors, the evolu-
tion of the concentration was accurately reconstructed and the uncertainty was
minimized in the area of interest. Lastly, we investigated a dynamic sensor steer-
ing problem. Here, we showed that while we were still able to roughly predict
the general shape of the initial condition with an unfavorably placed stationary
sensor, adding a mobile sensor significantly improved the reconstruction while
simultaneously reducing the required measurement time to one-third compared
to the stationary case. This proves that the presented method is able to suc-
cessfully handle the complexity of moving sensors and steer them to achieve fast
and reliable reconstruction of unknown (in practice) initial condition.
While we believe this work to be an important step toward the optimal steer-

ing of unmanned sensor platforms in crisis situations, there still remain several
points for improvement and further investigation of the proposed algorithm is
needed. One potential area for improvement concerns the mathematical formu-
lation and solution of the inverse problem. In many applications, it is reason-
able to assume that the initial condition is sparse. Incorporating this additional
knowledge into the solution procedure is expected to speed up computations and
further improve real-time capabilities of the method [17]. Moreover, we plan to
extend the sensor steering methodology to a reinforcement learning approach,
where the position and size of the QoI at each step is determined by an agent
that was previously trained based on trial-and-error interactions with the for-
ward model [12].

Acknowledgements

DanielWolff and Alexander Popp gratefully acknowledge funding by Digi-
talization and Technology Research Center of the Bundeswehr (dtec.bw) (project
RISK.twin). dtec.bw is funded by the European Union – NextGenerationEU.



Goal-Oriented Optimal Sensor Placement for PDE-Constrained Inverse Problems... 169

References

1. Alexanderian A., Optimal experimental design for infinite-dimensional Bayesian in-
verse problems governed by PDEs: A review, Inverse Problems, 37(4): 043001, 2021,
https://doi.org/10.1088/1361-6420/abe10c.

2. Alexanderian A., Petra N., Stadler G., Ghattas O., A-optimal design of ex-
periments for infinite-dimensional Bayesian linear inverse problems with regularized
ℓ0-sparsification, SIAM Journal on Scientific Computing, 36(5): A2122–A2148, 2014,
https://doi.org/10.1137/130933381.

3. Alexanderian A., Saibaba A.K., Efficient D-optimal design of experiments for infinite-
dimensional Bayesian linear inverse problems, SIAM Journal on Scientific Computing,
40(5): A2956–A2985, 2018, https://doi.org/10.1137/17M115712X.

4. Alt H.W., Lineare Funktionalanalysis, Springer, Berlin, Heidelberg, 2012, https://doi.org/
10.1007/978-3-642-22261-0.

5. Attia A., Alexanderian A., Saibaba A.K., Goal-oriented optimal design of experiments
for large-scale Bayesian linear inverse problems, Inverse Problems, 34(9): 095009, 2018,
https://doi.org/10.1088/1361-6420/aad210.

6. Baratta I.A et al., DOLFINx: The next generation FEniCS problem solving environ-
ment, Zenodo, 2023, https://doi.org/10.5281/zenodo.10447666.
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