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Several numerical examples performed by the authors proved that the “moving pentagon” concept
enables easy automatic generation of the T-element mesh, which facilitates observation of crack
propagation even in very complicated structures with many possible crack initiators occurring for
example in material fatigue phenomena.

2. T-COMPLETE SETS OF FUNCTIONS

A first step in formulation of any T-element is derivation of a complete system of functions (T-
functions) identically fulfilling an equation of a considered problem. A review of such functions can
be found in [7, 12, 25]. In case of an element with a V-notch (Fig. 1) T-complete systems are known
as the Williams eigenfunctions [12, 22], which have the following form,

o1 =Y Re {)\np’\"‘lﬁn [(2 + An c08 2a + €08 2Anc) c08( A — 1)8 — (A — 1) cos(An — 3)6)]
G (34 Gacos 2 cos ) in(Gn — 1)+ (G 1) sinGn — 9}, (1)

o022 =Y Re {)\np’\"_lﬂn [(2 = An OS2 — €08 2Anx) c08(An — 1)8 + (A — 1) co8(An — 3)6]
G (24 Gucona 008 26a)snlGe 10— (Ga 1) snca~ 301}, (2

12 =Y Re {)\np’\"_lﬂn [= (An €08 2 + 08 2Anc) sin(A — 1)8 + (An — 1) sin(An — 3)]
n

+ Cnpc"_lnn [(Gn cos 2a — €08 2¢,0x) cos(Cn — 1)8 + (¢ — 1) cos(Cn — 3)‘9]} ) (3)

0 for plane stress state,
s & v(o11 + o92) = 4VZR€ {)\np’\”_lﬂn cos(Ap, — 1)8 (4)

n
— CnpS I sin(Gn — 1)0} for plane strain state,
where
sib %"—Z for plane stress state, (5)
7 3 —4v for plane strain state,

p =r/a, a is a scale parameter, 3, , 1, are constants to be calculated from the element continuity
conditions, and A, , (, are the eigenvalues fulfilling the characteristic equations:

sin 2\pa + Apsin2a =0 (6)
for the I kind of the notch (tension) and

sin 2{pa — (psin2a =0 (7
for the II kind of the notch (in plane shear).

It should be underlined that in case of the T-elements the stress intensity factors can be obtained
using only two constants for n = 1: $; and 7, . For a@ = 7 (crack) they have the form

K; = V2ma-p, K =—V2ma-n. (8)
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Fig. 1. Finite region containing special T-element with V notch; £2° — domain of element, I'® — its boundary

3. HTD T-ELEMENT FORMULATION

In the HTD element standard relations between nodal forces r and nodal displacements d in the
form r = ¥ + kd, where k is a symmetric positive-definite stiffness matrix, are obtained from the
condition (7, 8]

e&ﬁu-@df:&&'eTﬁu—mdr=o (9)
and fhe relation 1
‘/!éﬁTtdI‘= eaﬁTEdIt+6dTr (10a)
or Ft
6d” FiNTtdfzzédT FZNTEdI“+6dTr, (10b)
: ¢

where the coefficient variation can be reduced.
The displacement vector u is expressed here by unknown coefficients ¢ and a matrix IN containing
T-complete functions

u =1+ N, u € ¢, (11)
where 11 is a particular solution. Analogously we define tractions

it 3 Te, tel® (12)
and the boundary frame function u has the form

a=Nd, a=1I° (13)

where d are unknown frame coefficients (element degrees of freedom) and N is a polynomial matrix.
If the element is situated near the object boundary I'Y along which the Neumann conditions are
imposed, the tractions t should be introduced as in Eq. (10).

The scale parameter a in functions (1)—(4) allows to avoid numerical problems (real overflow or
underflow). In the T-element modelling a crack it is usually taken as an average distance between
an element mass centre and its nodes, Fig. 3.
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4. DIRECTION OF CRACK PROPAGATION

An extended plate with a skew crack [19] was taken as the first numerical example. Following
investigations presented in [6, 7] the authors repeated the tests and compared the results (stresses)
with commercial programmes [14]. In Fig. 2 we can see two different FE meshes for the HTD
formulation compared with the standard mesh used in the ALGOR® code. The next Fig. 3 shows
the moving pentagon modelling the end of existing crack and indicating a new direction of the
propagation path defined by angles 8¢, and y,, where n is the number of a calculation step.
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Fig. 2. Two different FE meshes for HTD formulation and coordinate system (r, #) used for skew crack;
a) irregular pentagon, b) regular pentagon, c) mesh obtained with ALGOR®

The following data were input to calculations: crack angle v = 315°, length of the crack [ =
20 mm, overall dimensions W x L x t = 40 x 100 x 10 mm, unit force ¢ = 2000 N/mm uniformly
loading the upper and lower edge of the plate, Poisson’s ratio v = 0.3.

Stress intensity factors K; and K7, Eq. (8), related to

Ko =A/4rl ao, (14)

were calculated with the T-elements for the example defined in Fig. 2 (Ko = 100.3 MPam'/2). The
results (presented in [13]) K;/Ko = 0.6015, K7/ Ko = —0.2911, were in good agreement with values
(0.6015 and —0.2910) published in [6, 7].

To determine direction in which a crack may grow, two classical hypotheses were taken into
consideration. The first one was proposed by F. Erdogan and G.C. Sih [3] and is known as the
maximum hoop stress criterion (MHSC). The hypothesis states that the crack extension starts at
the crack tip and it grows in a radial direction indicated by the maximum tensile stress oy .
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Fig. 3. Moving pentagon modelling end of existing crack and indicating new direction of propagation path
defined by angles Ocr , vn (n — number of current calculation step)
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Fig. 4. Relative hoop stresses 0g/0¢ versus angle 6 and radius r; crack propagates in direction of maximum
of 0g , i.e. for Oc = 41°

For the plate with the skew crack, Fig. 2, the distribution of oy along circles » = constant is
presented in Fig. 4. The T-element solution with the transformation formula

1 s
05 = 5 [(911 + 022) — (011 — 022) c0s 2(6 + ) — 2012 510 2(6 + )], (15)

where 05, the stress output data of the system SAFE [6-8] is here applied. We observe a visible

difference between this function and the other effort measures. The maximal value of oy, calculated

for possibly small r, indicated direction of the crack propagation defined by the angle 6o = 41.0°.
A comparative solution with the use of the T-element code can be calculated from the formula

=55 {5+ ) (5 1) 0 5+ ) (5 41)
+n |~ (g +1) sin (g ~1)6+ (g — (1)) sin (g +1)6]} (16)
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obtained by transformation of the tensor components (1)—(3). The condition

0og = =140 0 30 =
79?—0 — (sm§+sm7)K1+(cos§+3cos?>KH—Rn—O, (17)

where the residual term R,, vanishes for » — 0, after introduction K; = 0.6015Ky and K =
0.2910K gives the result 6o = 39.5°.

According to the MHCS hypothesis a crack starts its extension if the maximum hoop stress
reaches a critical value oj¢ of the first crack mode (tension). This leads to the condition

K0 > KICa (18)
where
1 0 0 30
K = Het Vs ditiiy it (3000 20 oos Y0y i i gl i 390k (19)
»il 4 2 2 4 2 2

K¢ is the crack resistance of a particular material. For ¢ = 39.5° (from Eq. (17)) the left-hand
side of that equation results in Kp = 76.5 MPam'/2 and for 6o = 41.0° (direct calculations with
SAFE) gives Ky = 77.2MPam!/2. Assuming, for example, that the investigated plate is made of
tempered alloy steel (0.03%C, 0.2%Al, 8%Co, 5%Mo, 18%Ni, 0.6%Ti, K;c = 78 MPam!/?) the
tension oy = 200 MPa will not initiate the crack propagation in the plate. However, because of the
very small differences between Ky and Ko we should consider this state as not admissible.

The second hypothesis applied by the authors was first proposed also by Sih [16-18] and is based
on strain energy density w, which for 2D problems can be expressed by the stress tensor components
as

1 u
w = 1 NI (011 + 0'22)2 —2(011022 — 0%2) : (20)
Figure 5a presents this energy in vicinity of the crack tip of the discussed plate as related to

i %51 4

“wNE 2y

calculated for its loaded edge.
Sih introduced also a stress energy-density factor S

S = w¥, (22)
which is more convenient in engineering calculations. To present it in a non-dimensional form
(Fig. 5b) the authors proposed

Sq = WqTq, (23)

where r, is the smallest distance from the crack tip to the loaded edge of the plate. This second
Sih’s hypothesis postulates that the crack extends from its tip in the radial direction defined by
a local minimum of the stress energy-density factor S. This minimum should be situated between
two local maxima in front of a line normal to the crack tip [21], i.e. [-90°,+90°], Fig. 5. Using that
criterion and the results obtained with the T-element code, the value 8¢ = 36.6° defining direction
of the crack propagation was obtained.

Following considerations presented above (compare Eq. (17)), which lead to

[sin20 — (k — 1) sin6] K? — 2[(k — 1) cos§ — 2cos 20] K1 K7 + [(k — 1)sinf — 3sin20] K% =0
(24)

after numerical solution of that equation the value - = 35.04° was determined. A condition of
crack propagation for the strain energy-density hypothesis [18] can be written as

Smin > Sc(Kic , Knc). (25)

The critical value S depends here on both K;o and Kjj¢ , which is less convenient, because the
shear crack resistance is in many cases unavailable.
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Fig. 5. Relative strain energy density w/w, (a) and relative factor of strain energy density S/S; around tip
of crack (b)

5. PREDICTION OF CRACK PROPAGATION PATH

The basic idea of the proposal is the moving pentagon, which is presented below in an example
of crack propagation in a so-called T-junction (Fig. 6) [14, 15]. This welded joint of two sheets
1,2 reinforced by a member 3 is often met in engineering applications, e.g. in frames of vehicles.
The concept of the moving pentagon is illustrated in Figs. 6a and 6¢, in which we can observe
automatically defined initial and final T-element meshes. In the latter case the SAFE model was
built with 82 elements and 281 nodes, however even more rough meshes gave acceptable results.
For comparison, we present a classical ALGOR® mesh and the deformed model — Fig. 7 with the
stress distribution similar for both FE systems.

One of advantages of the analytical T-element code is a fact that the stress intensity factors
K1, K7, and the angle 6o, can be explicitly obtained as the output data of the system SAFE.
Nevertheless, for verification of the solutions distribution of the hoop stress og and the factor of strain
energy-density S around the tip of the initial crack were investigated. Diagrams of both quantities
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Fig. 6. T-junction of plates 1, 2 with fillet member 3; a) load Q, boundary constraints and dimensions (mm):
crack 4 of length I = 10 mm, thickness ¢ = 10 mm, initial angle v = 315°; T-element (moving pentagon) around
tip of crack noted as 5, b) definition of angle 6¢ , ¢) propagation path after 8 steps






























