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This study investigates the effects of spacing and alignment between two circular holes
on crack growth simulation. Key aspects analyzed include: (a) crack growth behavior,
(b) von Mises stress distribution, and (c) energy profiles, all through variations in the
spacing and alignment of the holes. The material is assumed to be homogeneous and
isotropic, with the following non-dimensional properties: Young’s modulus E = 70, Pois-
son’s ratio ν = 0.35, and energy release rate γ = 0.5, which correspond to the real values
E = 70 GPa, ν = 0.35, and γ = 2800 J ·m−2. Additionally, the body force is neglected
(f(x, t) = 0). The numerical method used in this research is the adaptive finite element
method, which is considered highly robust for solving the phase field model for crack
growth. Notable findings include: (a) spacing between the two holes did not significantly
alter the crack path, while alignment differences had a significant impact; (b) during the
cracking process, the highest stress occurs at the crack tip and the lowest at the crack
center; and (c) the time for cracking in materials with two holes varies with spacing and
alignment, and elastic and surface energy curves help predict total damage.
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1. Introduction

In the area of fracture mechanics, two factors accelerate crack growth in ma-
terials: external and internal factors. Several external factors include external
forces that cause overloading [1], thermal injection [2, 3], fluid injection or hy-
draulic fracturing [4], and hydrogen embrittlement [5–7]. On the other hand,
internal factors include properties such as yield and ultimate strengths, Young’s
modulus, and Poisson’s ratio. In other researches [8, 9], the geometrical effects
have been shown to influence crack growth acceleration.
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Besides the length, width, and thickness of a material, the small-hole effect
is a significant part of the geometrical effect that greatly contributes to changes
in shape and accelerates the occurrence of cracks in a material [10]. In the in-
vestigation of crack propagation in porous materials, some observations have
been made: (a) the more holes present in the material, the faster the damage
occurs [11], and (b) the spacing and alignment between two circular holes greatly
influence crack propagation behavior [12]. Experimentally, investigations of the
small-hole effect have been conducted extensively [11–13]. However, these stud-
ies do not clearly and fully address the crack propagation process. Specifically,
they do not provide visualization of stress distribution at any point, which is
a serious issue that needs to be addressed. Therefore, alternative methods for
studying this phenomenon are warranted.

One approach that is very suitable and realistic for addressing this problem
is the numerical method. Several methods are well-known, highly suitable, and
frequently referenced by researchers for investigating crack propagation. These
include the finite difference method (FDM) [14, 15], finite element method (FEM)
[7, 9, 16, 17], extended finite element method (XFEM) [18–20], discrete element
method (DEM) [21, 22], boundary element method (BEM) [23, 24], and mesh-
less/meshfree methods [25–27].

The main objective of crack growth investigation is to track the failure evo-
lution after loading. In the engineering field, numerical investigations are carried
out in two ways [28], as follows: first, surface cracking is treated as a discrete dis-
continuity, as pioneered by Moës et al. [19]. This approach is complicated to apply
in three-dimensional cases with branching cracks [29]. Second, surface cracking
is modeled using a phase field model (PFM), where the variable z is considered
the damage variable ranging between 0 ≤ z ≤ 1. In this model, the cracked
area is represented by z = 1 and the uncracked area by z = 0. This method is
based on the work of Bourdin et al. [17], Karma et al. [30], Miehe et al. [29],
and Kimura et al. [7, 16]. Unlike the first approach, the PFM is considered an
alternative and powerful method [7, 16]. Additionally, this approach adapts the
Francfort–Marigo model [31] and Ambrosio–Tortorelli regularization [32].

The objectives of this study are to numerically investigate the crack growth
behavior under the influence of two holes in homogeneous and isotropic materi-
als using a phase field model (PFM) and to visualize the stress distribution at
each time increment. Additionally, elasticity energy, and surface energy profiles
will be presented. In this study, the author defines the small holes as circles
with a constant diameter while varying the spacing and alignment of the two
holes. The study is based on the crack propagation model proposed by Kimura
et al. [7, 16].

This article consists of five sections. In Sec. 2, the author presents the crack
propagation model proposed by Takaishi–Kimura. Additionally, this section shows
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the numerical assumptions, the computational setup, and the physical param-
eters used. Section 3 details the numerical scheme employed in the simulation.
For this purpose, the author utilizes the open-source software FreeFEM++ [33]
with the adaptive finite element method (AFEM) as the numerical approach. In
Sec. 4, numerical results are presented, including crack propagation behavior
in 2D and the effects of spacing and alignment between two circular holes. Fi-
nally, Sec. 5 serves as the conclusion, summarizing the findings and outlining
future work.

2. Crack growth model

2.1. The governing equation

In the numerical simulation of crack growth, this research employs a par-
tial differential equation (PDE) model proposed by Takaishi–Kimura [7, 16].
The model is based on the Fracfort–Marigo energy formulation [31]. Let
x = [x1, x2]T ∈ Ω ⊂ R2 denote the position within a solid body characterized
by linear elasticity. The displacement is denoted as u(x, t) = [u1, u2]T ∈ R2. The
boundary of Ω is denoted by Γ, which is divided into ΓD and ΓN (see Fig. 1).

Fig. 1. Illustration of a solid body Ω with an initial crack Σ. Here, Σ is represented by z.

The governing equation for crack growth is as follows:


− div (σz[u]) = f(x, t) in Ω× [0, t],

α
∂z

∂t
=

(
ε div (γ(x)∇z)− γ(x)

ε
z + σ[u] : e[u](1− z)

)
+

in Ω× [0, t],
(1)

where z, f(x, t), γ(x), and t represent the PFM function for the crack shape [-],
the body force [N ·m−3], the critical energy release rate [Pa ·m], and the time
simulation [s], respectively. Meanwhile, α [Pa · s] and ε [m] are PFM parameters.
Here, σz[u] = (1 − z)2σ[u] is the damage stress tensor [Pa]. Since the material
exhibits linear elasticity, its stress tensor is given by σ[u] = λ(∇ · u)I + 2µe[u],
where λ and µ are the Lamé constants [Pa]. The strain tensor e[u] is define as:
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e[u] = (eij [u]) ∈ Rd×d
sym ,

with eij [u] =


∂u1

∂x1

1

2

(
∂u1

∂x2
+
∂u2

∂x1

)
1

2

(
∂u2

∂x1
+
∂u1

∂x2

)
∂u2

∂x2

, (2)

where Rd×d
sym is the space of real-valued (symetric) d × d matrix. In Eq. (1), the

boundary and initial conditions are as follows:

u = g(x, t) on ΓD × [0, t],

σz[u]n = q(x, t) on ΓN × [0, t],

∂z

∂n
= 0 on Γ× [0, t],

z|t=0 = z0(x) in Ω,

(3)

where g(x, t), q(x, t), and n represent the given displacement on ΓD, the bound-
ary load on ΓN , and the normal vector, respectively.

In the simulation of crack growth under the effect of two circular holes using
homogeneous and isotropic material, several remarks are made: (a) the body
force f(x, t) and the boundary load q(x, t) are neglected; (b) the initial cracking
is set z0(x) = 0; and (c) while previous research has investigated crack growth
in porous or perforated materials numerically [34, 35], the effects of varying the
spacing and alignment between two circular holes has not been explored.

2.2. The von Mises stress

Now, we discuss how to visualize stress distribution in a cracking area using
the Takaishi–Kimura model [16]. In engineering, this is an enticing prospect, as it
allows combining damage distribution with von Mises stress in material loading,
as discussed in [36]. To visualize the von Mises stress using the Takaishi–Kimura
model, we consider the stress tensor components of the damaged material σz[u]:

σz[u] =

[
σ∗11 σ∗12

σ∗21 σ∗22

]
,

where σ∗11, σ∗22, and σ∗12 = σ∗21 satisfy:

σ∗11 = (1− z)2

(
λ

(
∂u1

∂x1
+
∂u2

∂x2

)
+ 2µ

(
∂u1

∂x1

))
, (4)
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σ∗22 = (1− z)2

(
λ

(
∂u1

∂x1
+
∂u2

∂x2

)
+ 2µ

(
∂u2

∂x2

))
, (5)

σ∗12 = (1− z)2

(
µ

(
∂u2

∂x1
+
∂u1

∂x2

))
. (6)

Applying Eqs. (4)–(6), the von Mises stress can be modified as follows:

σvm = (1− z)2
√
σ2

11 − σ11σ22 + σ2
22 + 3σ2

12. (7)

2.3. System scale

In the present study, the PFM parameters should be set in non-dimensional
form for simplicity. Therefore, the author will specifically explain the scaling of
Eq. (1) in this section. Let x̃ ∈ Ω̃ represent the non-dimensional scale of the
material:

x̃ =
x

c1
, ũ =

u

c2
, C̃ =

C

c3
, ε̃ =

ε

c1
. (8)

Here, x [m], u [m], and C [Pa] are the real parameters for position, displacement,
and elastic tensor, respectively. Meanwhile, c1 [m], c2 [m], and c3 [Pa] represent
positive scaling constants. By substituting Eq. (8), Eq. (1) can be modified as
follows:

− d̃iv
(
(1− z)2σ̃[ũ]

)
= 0 in Ω̃× [0, t],

α̃
∂z

∂t
=

(
ε̃ d̃iv(γ̃∇̃z)− γ̃

ε̃
z + σ̃[ũ] : ẽ[ũ](1− z)

)
+

in Ω̃× (0, t],

ũ = g(x̃, t) on ΓD × [0, t],

σ̃z[ũ]n = q(x̃, t) on ΓN × [0, t],

∂z

∂n
= 0 on Γ× [0, t],

z|t=0 = z0(x̃) in Ω̃,

(9)

where

α̃ =
c2

1

c3c2
2

α, γ̃ =
c1

c3c2
2

γ, σ̃[ũ] =
c1

c3c2
σ[u], ẽ[ũ] =

c1

c2
e[u].

For the von Mises stress in Eq. (7), it is modified as follows:

σvm =
c2c3

c1
σ̃vm. (10)
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As a remark, Eq. (10) is applied to calculate the von Mises stress in the numerical
example. Hereafter we will omit the symbol “∼” in Eq. (9) for simplicity. In the
present study, we choose the approximation for the positive scaling constants for
simplicity: c1 = 5× 10−3 m, c2 = 2× 10−4 m, and c3 = 1× 109 Pa.

2.4. The computational setup and physical parameters

Our research aims to numerically investigate the crack growth behavior due
to the effects of spacing and alignment between two circular holes by varying their
configuration. Therefore, specific values for the spacing and alignment between
the two circular holes are detailed in Table 1. Meanwhile, our computational
domain is originally set as a rectangle with dimensions [0.0, 2.0]× [0.0, 2.0], and
the hole geometry is circular with a uniform diameter of 0.1 (see Fig. 2).

Table 1. Illustration of spacing and alignment of two circular holes.

Case Alignments of two
holes θ

Spacing between two circular holes L
0.2 0.4 0.6

Case I 0◦ inclined holes
√ √ √

Case II 45◦ inclined holes
√ √ √

Case III 90◦ inclined holes
√ √ √

Fig. 2. Domain setup (left) and illustration of the computational domain with grid after non-
dimensional scaling (right). In the left figure, the red and blue lines represent the boundaries

for ΓD and ΓN , respectively.

In the following numerical simulations, the material properties are: Young’s
modulus E = 70, Poisson’s ratio ν = 0.35, and energy release rate γ = 0.5.
Other parameters of the PFM, such as α and ε, are set to α = 1 × 10−3 and
ε = 1 × 10−3, respectively. These are all non-dimensional parameters. Based
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on the system scale discussed in Subsec. 2.3, these properties correspond to
E = 70 GPa, γ = 2800 J ·m−2, α = 1120 Pa · s, and ε = 5× 10−6 m.

3. Numerical scheme

To obtain a numerical solution for crack growth as shown in Eq. (9), the
author employs AFEM with a semi-implicit scheme. Before proceeding, we will
present the weak form of the crack growth – Eq. (9). Let us define the test
functions (w, v), V u := {w ∈ H1(Ω) | w = 0 on ΓD}, and V z := {v ∈ H1(Ω) |
v = 0 on ΓN}, where H1(Ω) is the Sobolev space. Then, we have:

au
(
uk, w

)
= lku

(
w
) (

∀w ∈ V u
)
,

az
(
zk, v

)
= lkz

(
v
) (

∀v ∈ V z
)
,

where
au
(
uk, w

)
:=

ˆ

Ω

(
1− zk−1

)2(
λ
(
div(uk)

)(
div(w)

)
+ 2µe[uk] : e[w]

)
dx,

lku
(
w
)

:= 0,

(11)

and 

az
(
zk, v

)
:=

ˆ

Ω

(
1 +

∆t

α

(γ
ε

+
(
λ(div (uk−1))2 + 2µ(e[uk−1])2

)))
zkv dx

+

ˆ

Ω

ε∆t

α

(
γ∇zk

)
· ∇v dx,

lkz
(
v
)

:=

ˆ

Ω

∆t

α

(
λ(div (uk−1))2 + 2µ(e[uk−1])2

)
v dx+

ˆ

Ω

zk−1v dx.

(12)

Since we are applying the AFEM to solve Eqs. (11) and (12), we set the min-
imum mesh size (hmin) = 1 × 10−3 and maximum number of vertices (nbvx)
= 50 000. In this study, the time simulation is t = κ∆t with k = (0, 1, 2, ...)
while ∆t = 1×10−3. As a remark, the remeshing process at each time step ∆t is
based on changes in the z parameter. Equations (11) and (12) are solved using
FreeFEM++ [33] with P2 elements.

4. Result and discussion

In this section, we present the numerical results of crack growth using the
PFM through FreeFEM++ and ParaView [37], including stress distribution and
profiles of elastic and surface energies.
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4.1. Behavior of crack propagation and the von Mises stress profile

The main objective of our study is to demonstrate crack growth behavior
under the effect of spacing and alignment between two circular holes. All sim-
ulations use g(x, t) = 5 × 10−3t. To illustrate crack propagation behavior, the
author divides the study into three sections based on the alignment of the two
small holes, as shown in Figs. 3, 6, and 7.

Figures 3a–c visualize crack propagation behavior in material with align-
ment θ = 0◦ and spacing variations of 0.2, 0.4, and 0.6. Generally, applying
the alignment θ = 0◦ and varying the spacing does not affect the crack prop-
agation behavior. Overall, the resulting cracks propagate straight between the
two circular holes. Figure 3 also provides additional information, such as color
thickening on both sides of the domain and around the point where the cracks
merge. This phenomena indicates that the cracks are larger in these areas or
that they enlarge during the growth process (see Figs. 3d–f). In this first case,
the most obvious difference is the temporal evolution of stress at points in the
material (see Fig. 4a). This shows that the greater the distance between the two
holes, the greater the stress. Additionally, the crack propagation process in this
case can be divided into three main phases: (a) initially, cracks grow around
the two circular holes; (b) they grow straight and connect the two holes; and
(c) the material separates into two parts. Since the crack propagation behavior
is similar for different values of L, we present the crack profile for L = 0.4 only
(see Fig. 5).

In the second case, the alignment of the two circular holes at θ = 45◦ and
the spacing variation exhibited differences in crack growth behavior. As shown
in Figs. 6a–c, the increasing distance between the two circular holes generates
a curved crack path. Another interesting phenomenon observed in Figs. 6a–c
is that the curved crack paths between the two circular holes appear to be
connected, but they are not. Additionally, we observe the stress field in the form
of von Mises stress in a 2D view. It is evident that the highest stress concentration
occurs at the crack tips, with no significant increase in stress in other areas, as
shown in Figs. 6d–f. As a remark, this phenomenon occurs in all cases, not just
the second; however, we do not show these results here.

Similar to the first case, one striking difference in the second case is the
temporal stress evolution. Figure 4b shows that the maximum stress needed to
fracture the material varies. Based on Fig. 4b, it can be concluded that the
greater the spacing between the two small holes, the greater the stress required.

In the final case, the author applied the alignment θ = 90◦ with spacing
variations of L = 0.2, 0.4, 0.6. In this case, two types of resulting cracks were
observed: dominant cracking (large cracks) and minor cracking (small cracks).
The dominant cracking tended to grow with the increasing spacing between the
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Fig. 4. Dimensional von Mises stress profiles at point (1, 0.5) with spacing and alignment
variations for: a) Case I, b) Case II, and c) Case III, obtained using Eq. (10).
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t = 2.0 t = 2.1
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t = 3.0

Fig. 5. Crack propagation profile from a bird’s-eye view for L = 0.4, Θ = 0◦ at different times.

two circular holes, while the growth of the minor cracking remained stagnant
or constant (see Figs. 7a–c). This phenomenon is caused by the greater stress
around the dominant cracking area compared to the minor cracking area (see
Figs. 7d–f). As a result, the growth of the dominant cracking is faster. Addition-
ally, the resulting crack type exhibited straight propagation, which is smaller
around the small hole and enlarged on both sides of the material. Another note-
worthy difference in this case, compared to the previous two cases, is the temporal
evolution of the von Mises stress. Here, the smaller the distance between the two
circular holes, the higher the maximum stress, and vice versa (see Fig. 4c).
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As explained in Sec. 3, our work has applied the AFEM, a type of remeshing
technique in FEM. It was considered very suitable for predicting crack paths.
Figures 8a and 8b show that the remeshing process occurs only in the cracking
area. As the crack grows, the number of vertices increases (see Fig. 8c). The figure
illustrates two key points: (a) when the number of vertices increases significantly,
crack growth is occurring, and (b) when the number of vertices converges, crack
growth has reached its maximum.

a) b)

c)

Time

Th
e 

nu
m

be
r o

f v
er

tic
es

L = 0.4, θ = 0π
L = 0.4, θ = π/4

Fig. 8. Crack profiles using AFEM at a) L = 0.4, θ = 0◦; b) L = 0.4, θ = 45◦;
and c) the evolution number of the vertices.

4.2. Elastic and surface energy

A strong indicator of material failure is the drastic change in elastic and
surface energies. According to the Takaishi–Kimura model [16], these energies
can be formulated as follows:

Eel(u, z) =
1

2

ˆ

Ω

(1− z)2σ[u] : e[u]dx,

Es(z) =
1

2

ˆ

Ω

γ

(
ε|∇z|2 +

1

ε
z2

)
dx.
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Theoretically, a lower maximum elastic energy indicates that a material is
more susceptible to cracking, and vice versa [38, 39]. Our results show that the
material with a spacing of L = 0.2 and an alignment of θ = 0◦ is perishable.
Conversely, the non-perishable material has a spacing of L = 0.6 and an align-
ment of θ = 90◦, as clearly illustrated in Fig. 9a. Specifically, materials with
spacings and alignments of L = 0.6, θ = 0◦, L = 0.4, θ = 45◦, and L = 0.6,
θ = 45◦ demonstrate similar strength characteristics.

a) b)

Time

El
as

tic
 e

ne
rg

y

Time

Su
rf
ac
e 

en
er

gy

Fig. 9. The non-dimensional profiles for a) elastic and b) surface energies.

An interesting feature of the elastic energy curve is its ability to indicate total
material damage (particularly when the material separates into two parts). In
our study, all materials were almost completely damaged except for the material
with L = 0.6, θ = 45◦, where the elastic energy did not reach zero until t = 3.
Additionally, despite variations in the times for initial crack formation leading
to total damage, the required times tended to be similar. This was observed in
materials with lengths and alignments between two circular holes of L = 0.4,
θ = 0◦, L = 0.6, θ = 0◦, and L = 0.2, θ = 45◦, as strongly supported by Fig. 9b.
The figure illustrates that the required time to reach convergence was similar
across these cases.

5. Conclusions

In this study, a PFM was employed to visualize crack propagation behav-
ior under variations in spacing and alignment between two small holes. Based
on the numerical results, several conclusions can be drawn: (a) the spacing be-
tween the two circular holes in the material did not significantly change the
crack path. In contrast, variations in the alignment of the two small holes sig-
nificantly impacted the crack path; (b) during the cracking process, the highest
stress distribution occurred at the crack tip, while the lowest stress was found
at the center of the crack. This is clearly shown in Figs. 6d–f; and (c) the time
required for cracking in a material with two holes of varying spacing and align-



Study on crack growth resulting from spacing. . . 15

ment varies. Furthermore, the elastic energy and surface energy curves can help
predicting the extent of total material damage.

The simulation used symmetrically sized materials, which significantly influ-
enced crack propagation behavior. Future studies will require a thorough inves-
tigation involving variations in the length and width of the domain to further
understand the complexities of crack growth.
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