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This paper presents an approach to optimize the structure of a micro-drill for reducing its lateral vibration,
which has a strong effect on the quality of drilled holes during the cutting process. The micro-drill and the
spindle of a micro-drilling spindle system are modeled as Timoshenko’s beam elements. Each element with
five degrees of freedom at each node comprehensively includes the effects of continuous mass eccentricity,
shear deformation, gyroscopic moments, rotational inertia with external thrust force and torque, and
coupling torsional and lateral effect. The finite element method is used to determine the lateral amplitude
response at the micro-drill point, which is considering the objective function during the optimization
of the micro-drill by the interior-point approach. The diameters and the lengths of drill segments are
chosen as the design variables with nonlinear constraints in the constant mass, mass center location, and
torsional deformation of the drill. The in-house finite element code-integrated optimization environment
is implemented in MATLAB to solve the optimal problem. The results showed that compared with the
original micro-drill, the lateral amplitude response at the drill point of the optimal one is reduced by
91.89% at an operating speed of 50 000 rounds per minute (r/min), and its first critical speed and the
corresponding amplitude response exceed those of the original one.

Keywords: nonlinear constrained optimization, finite element analysis, micro-drilling spindle, continuous
eccentricity.

NOMENCLATURE

E,G – Young’s modulus and shear modulus,
Iu, Iv – second moments of area about principle axes U and V of system element,
ks – shear coefficient,
Cij , Kij – direct axial damping, stiffness coefficient of the bearing; i, j = x, y,
Cϕ, Kϕ – torsional damping and torsional stiffness of the bearing,
Fz, Tq – thrust force and torque,
L, A, d, ρ, m – length, area, diameter, density, and mass of system element,
Nt, Nr, Ns – shape functions of translating, rotational, and shear deformation displace-

ments, respectively,
Z – axial distance along system element,
Q – DOF vector of the fixed coordinates,
(u, v) – components of the displacement in U and V axis coincident with principal axes

of system element,
(x, y) – components of the displacement in X and Y axes in the fixed coordinates,
t – time,
eu, ev – mass eccentricity components of shaft in U and V axes,
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ex, ey – mass eccentricity components of shaft in X and Y axes,
θu, θv – angular displacements about U and V axes, respectively,
θx, θy – angular displacements about X and Y axes, respectively,
Φ – spin angle between basis axis and X about Z axis,
Ω – rotating speed,
δ, ϕ – lateral and torsional displacements,
B – the angle between principal axis U and basis axis of the fixed coordinates at

the initial angular position.

SUBSCRIPT
{t} – to be referred to as transpose matrix.

1. INTRODUCTION

Engineering of rotating structures is an iterative and multidisciplinary procedure that aims to si-
multaneously satisfy a wide variety of requirements and constraints. Recently, the improvement
of further advances in the technology of rotating machinery, especially in high-speed spindle sys-
tems, has played an important role. At a spindle speed of up to 300 000 r/min, the rotation of
the systems induces vibrations with different types of oscillations, notably lateral and torsional
oscillations. These vibrations may lead to unfavorable noise and unrecoverable failure of cutting
tools in high-speed spindle systems. Previously, several studies have been performed on the chatter
vibrations of machine tools [3, 6, 11, 12, 14]. To reduce these vibrations, many works have investi-
gated the workpiece, the cutting profile, or the resonant frequency. However, few studies analyzed
the behaviors of the cutting tool in a whole spindle system, especially in a micro-drilling spindle
system. Moreover, all micro-drilling spindle systems are required to work at higher speeds; as a re-
sult, the cutting tool can be easily damaged or even broken. The main aim of this research is to
optimize the shape design of a micro-drill bit to reduce its vibration during the cutting process.
With the optimal design procedure, the desired micro-drill that satisfies all necessary constraints
could be designed and developed first on the computer, so that fewer prototypes have to be made
in practice, thereby reducing costs.

Many authors have investigated and optimized, both analytically and experimentally, the dy-
namic behavior of machine tool spindle-bearing systems. They showed that spindle system dynamics
are influenced by a large number of factors, including the holder characteristics [1], spindle shaft ge-
ometry, tool shaft geometry, drawbar force [18], stiffness, and damping provided by the bearings [2,
19, 21]. A milling spindle system is presented and implemented in [7]. In [7], the authors performed
some optimizations to find the desired rotor location and bearing arrangement to obtain a chatter
vibration-free cutting operation at the desired speed and depth of cut for a given cutter. In addi-
tion, the significant factors that affect the vibrations of rotor structures were shown through the
optimization simulations of structural parameters in [4, 10, 20]. Therefore, a comprehensive study
of the rotor shaft with cutting tool should be further conducted by applying vibration optimization
in the machining process.

Many optimal methods have been used to optimize rotating systems, such as genetic algo-
rithms [5, 20, 22] and gradient-based methods [15]. A constraint interior-point algorithm, which is
a gradient-based algorithm, was applied in a case study of quadratic-programming-based model-
predictive rotorcraft control [9]. Similarly, Rao and Mulkay compared the interior-point methods
with the well-known simplex-based linear solver in solving large-scale optimum design problems [17].
The interior-point method with suitable numerical algorithms for the mechanical model was applied
in this research.

In this paper, the Union MDS micro-drill series tool with a 0.1 mm diameter produced by UNION
TOOL Co., a global market leader in the micro-drill industry, is used as a benchmark by applying
the nonlinear constrained interior-point algorithm, which is a large-scale algorithm [13]. The optimal
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lateral vibration amplitude of the drill point with nonlinear constraints, including constant mass,
mass center location, and torsional vibration response constraints, was found by detecting the
optimal diameters and the length of each drill segment. The results showed that compared with
the original micro-drill, the lateral amplitude at the steady state of the drill point of the optimal
one is reduced by 91.89% at an operating speed of 50 000 r/min, and the first critical speed of the
optimal micro-drill exceeds the required operating speed.

2. FINITE ELEMENT MODEL OF THE MICRO-DRILLING SPINDLE SYSTEM

In this paper, the model and its parameters are derived from our previous work as shown in Figs. 1
and 2 [13]. Figure 1 illustrates the schematic system that was used to model a micro-drilling spindle
system. The system is divided into four main parts, i.e., spindle A, shaft B, clamps C and D, and the

a) b)

Fig. 1. Finite element model of the micro-drilling spindle: a) model of the micro-drill system,
b) five degrees of freedom Timoshenko model.

Fig. 2. Cross-section model of the drill tool.
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Union MDS drill M. The dimensions and parameters of the system are shown in Tables 1 and 2. The
system is divided into 15 finite elements, and the numbering of the elements is shown in Fig. 1a. The
finite element method (FEM) formulation is based on a standard beam element with 10 degrees of
freedom as shown in Fig. 1b.

Table 1. Parameters of the finite element model of the micro-drilling spindle system.

Element no.
Parameters

Length L [mm] Diameter d [mm] E [Pa] G [Pa] Density ρ [kg/m3] eu [mm] ev [mm]

1 37.5 22 2E+11 0.9E+11 7800 11 × eu0 0

2 11.25 22 2E+11 0.9E+11 7800 11 × eu0 0

3 9 6.3 2E+11 0.9E+11 7800 3.15 × eu0 0

4 19 22.5 2E+11 0.9E+11 7800 11.25 × eu0 0

5 8 14 2E+11 0.9E+11 7800 7 × eu0 0

6 10 3.175 2.1E+11 0.9E+11 7800 1.585 × eu0 0

7 4.105 1* 2E+11 0.9E+11 7800 1** 0

8 6.2 0.8 2E+11 0.9E+11 7800 0.4 × eu0 0

9 1.3 2* 2E+11 0.9E+11 7800 2** 0

10–15 0.25 0.1 5.7E+11 3.7E+11 15000 3* 3**

Isotropic bearing parameters

Bearing stiffness: Kxx =Kyy = 1.7513 × 105 [N/m]; Kϕ = 3 × 103 [Nm rad−1]

Bearing damping: Cxx = Cyy = 1.7513 × 103 [Ns/m]; Cϕ = 1 × 10 [Nm s rad−1]

Shear coefficient: ks = 5/6
Note that eu0 = 10−5 is the eccentricity factor;

1* is d7 = 3.175 × (1 − z/L7) + 0.8 × (z/L7);
1** is eu7 = 3.175 × eu0 × (1 − z/L7) + 0.8 × eu0 × (z/L7);
2* is d9 = 0.8 × (1 − z/L9) + 0.1 × (z/L9);
2** is eu9 = 0.8 × eu0 × (1 − z/L9) + 0.1 × eu0 × (z/L9);
3* is efu = xe0 cosβf

e − ye0 sinβf
e ;

3** is efv = xe0 sinβf
e − ye0 cosβf

e ,

where βf
e = 2π.z

p
= 2 tanγ

df
⋅ z (radians, z > p); the pitch of helix, p = πdf

tanγ
.

Table 2. Other parameters of the Union MDS drill (elements 10–15).

Name MDS

Diameter df [mm] 0.1

Helix angle γ [○] 30

Web thickness υ [mm] 0.04

Flute/land ratio f 1.5/1.0

Chisel edge angle ψ [○] 62.5

Flute length lf [mm] 1.5

Total length l0 [mm] 38.1

Area A [mm2] 5.22 × 10−3

Second moments of area about principal axes u, Iu [mm4] 1.68 × 10−6

Second moments of area about principal axes v, Iv [mm4] 3.94 × 10−6
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3. GLOBAL MOTION EQUATION OF THE SYSTEM

The bearing characteristics play an important role in the vibration behavior of rotor dynamic
system. Therefore, to validate the simulation method, two isotropic journal bearings with con-
stant stiffness and constant damping coefficients were modeled. The global motion equation can be
expressed by the following equation [13]:

[Mt] {q̈} + ([C] +Ω [Gt]) {q̇} + [Kt] {q} = {Ft} , (1)

where
{q} = [ x1 θy1 y1 θx1 ϕ1 . . . xn θyn yn θxn ϕn ]′

is the vector of global DOF in the fixed coordinates, n is the number of nodes for the finite element
system, [Mt] is the assembled mass matrix, [Kt] is the assembled stiffness matrix, [C] is the
assembled damping matrix, [Gt] is the assembled gyroscopic matrix, and {Ft} is the assembled
force vector [13].

The element displacement is given by

[ue] = [N e] [qe] ,

where
[qe] = [ xe1 θey1 ye1 θex1 ϕe

1 xe2 θey2 ye2 θex2 ϕe
2 ]t ,

which is the node generalized displacement vector, [N e] is composed from the shape functions
that are given in the Appendix, and [ue] = [ xe θey ye θex ϕe ]t is the element displacement
vector. The machine is assumed to operate with a constant rotating speed Ω about the z-axis. The
deflections, in this study, are assumed to be very small. Therefore, the magnitudes of high-order
nonlinear terms, which involve square or multiplication terms, are quite small and can be ignored
for simplification of the solution for the system of linear time-varying differential equations.

4. OPTIMAL DESIGN RESULTS

The vibration minimization problem of the micro-drill during the cutting process is solved in this
work. The parameters in Tables 1 and 2 were used to simulate the system for the following numerical
example. The vibration responses at the micro-drill point are evaluated by Newmark’s method. The
parameters used to obtain the responses for improved convergence speed and stability are given by
α = 0.25, ς = 0.5; ∆t = 6 × 10−5 s, where α and ς are the Newmark parameters, and ∆t is the time
interval.

4.1. Problem formulation

In general, an optimization is performed to find a set of design parameters x = (x1, x2, . . ., xn)
that can in some way be defined as optimal so that the objective function f(x ) is minimized
or maximized, subject to constraints in the form of equality geq(x), inequality gieq(x), nonlinear
constraints c(x), and parameter lower and upper bounds. Specifically, they are stated as follows:

The objective function

minimize: f (x) (2)

subject to

the constraint equations:

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

g ep =A ⋅ x − b ≤ 0,

g ieq =Aeq ⋅ x − beq = 0,

c = function of x .

(3)



196 T.-D. Hoang, D.-T. Nguyen, A.-C. Lee

The lower and upper bounds for design variables:

x lb ≤ x ≤ xub, (4)

where A and Aeq are matrices, and b, beq, x lb and xub are vectors.
The interior-point method, which is a gradient formulation in the search process, has been proven

to be stable and was used by some authors in [8, 16]. Given its advantages, this method for large-
scale algorithms of the function Fmincon in MATLAB was used in this research. Gradients of the
objective with scalar function and nonlinear constraints are finite-differencing approximations. The
Hessian matrix is updated by the Broyden-Fletcher-Goldfarb-Shanno formulae. The FEM code and
optimization environment are implemented to solve the optimal problem.

The accuracy of drilled holes is significantly affected by the lateral vibration at the drill tip of
the micro-drill during the cutting process. Hence, to ensure the accuracy of drilled holes, the lateral
vibration should be reduced. In some previous works, to reduce the lateral vibration, the objective
functions were based on the natural frequencies [22] or the mass of shafts [15], which easily help
the optimal process to converge but cannot directly optimize the lateral vibration. In this research,
to focus on the drill tip performance, the objection function of the logarithm function of lateral
vibration at the drill tip is employed and described by

f(x) = log10(δΩ), (5)

where δΩ is the lateral vibration amplitude at the drill point at the operating speed Ω.
Many factors affect the vibration at the drill tip, such as the micro-drill structure, machine

spindle, and cutting velocity. The micro-drill structure is the main concern in this research. It is
created by three key parts, namely, the shank, the flute, and the remaining part that connects
to the shank and the flute. The flute size, that is, the diameter and the length, is standard and
fixed for a particular application. Thus, the size design of the remaining part of a drill bit is our
main concern. This design includes the diameters (x1, x2) and the lengths (x3, x4, x5) of the
drill segments denoted as vector x , as shown in Fig. 3. The lengths of cylindrical and conical

Fig. 3. Schematic of the micro-drill and the clamp.
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parts x3, x4, x5 of the micro-drill affect the drill stiffness; longer lengths correspond to lower stiff-
ness. Thus, increasing these lengths will increase the lateral vibration at the drill tip during the
cutting process. In addition, an increase in the cross-sectional diameters x1, x2 increases the un-
balanced force and stiffness. These two factors counteract each other on the lateral displacement.
To illustrate this complex optimal design problem with the effect of all variables, a formulation
is performed for the MDS drill as shown in Fig. 3 with the original parameters shown in Ta-
bles 1 and 2. The system was optimized at the operating speed of 50 000 r/min and Fz = −2.5 N,
Tq = 5.5 × 10−3 N mm.

The micro-drill length should be constant according to engineering standards. As a result of the
geometrical relationship, the cylinder diameter x2 is smaller than the shank diameter x1. The mass
center location zc of the drill tool needs to be constrained to ensure that it is inside the tool holder
of the machine spindle. The micro-drill mass m is constant. To make the lateral vibration orbit
smooth, the deviatoric lateral response percentage ∆δΩ% is constrained. To avoid the torsional
displacement, ϕΩ is also constrained. All these constraints are presented as follows:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

lf + l1 + x3 + x4 + x5 − l0 = 0 (equality constraint),

x2 − x1 ≤ 0 (inequality constraint),

zc − z0
c ≤ 0 (nonlinear constraint),

m −m0 = 0 (nonlinear constraint),

∆δΩ% −∆δ0
Ω% ≤ 0 (percentage error constraint),

ϕΩ − ϕ0
Ω ≤ 0 (percentage error constraint),

(6)

where l0 is the total length of the original drill, lf is the flute length of the original drill, z0
c is the

maximum allowable clamped length of the original drill shank, m0 is the initial mass of the original
drill, ∆δ0

Ω% is the maximum allowable of the percentage error, and ϕ0
Ω is the maximum allowable

torsional deformation.
The formulae to calculate mass m and mass center location zc of the drill tool are expressed as

m =m1 +m2 +m3 +m4 +mf = ρ1π ( l1 ⋅ x
2
1

4
+ x3 ⋅ (x2

1 + x2
2 + x1x2)

12
)

+ ρ2π
⎛
⎝
x4 ⋅ x2

2

4
+
x5 ⋅ (x2

2 + d2
f + x2df)

12

⎞
⎠
+mf , (7)

zc =
m1 ⋅ zc1 +m2 ⋅ zc2 +m3 ⋅ zc3 +m4 ⋅ zc4 +mf ⋅ zc5

m
, (8)

where df , mf , and zf are the diameter, mass, and mass center location of the flute part, respectively,
and the shank length l1 = 24.995 mm as shown in Fig. 3.

zc1 =
l1
2
,

zc2 = l1 +
x3

x1 − x2
(x1 −

3

4
⋅ x

4
1 − x4

2

x3
1 − x3

2

) ,

zc3 = l1 + x3 +
x4

2
,
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zc4 = l1 + x3 + x4 +
x5

x2 − df
⎛
⎝
x2 −

3

4
⋅
x4

2 − d4
f

x3
2 − d3

f

⎞
⎠
,

zc5 = l1 + x3 + x4 + x5 + zf ,

∆δΩ% = δ
max
Ω − δmin

Ω

δmax
Ω

×100% is the deviatoric lateral response percentage between the maximum and

minimum lateral amplitudes of the response orbit, which significantly affects the drilling quality
during steady-state machining at the operating speed Ω [13].

4.2. Numerical example

An optimal numerical example is presented in this section. The bounds and allowable values in the
numerical example are chosen as follows:

Table 3. The allowable values of constraint equation.

z0
c [mm] m0 [g] ∆δ0

Ω% [%] ϕ0
Ω [rad]

15 1.68 5 1.82 × 10−3

0.1 (mm) ≤ x1, x2 ≤ 5 (mm),

0.1 (mm) ≤ x3, x4, x5 ≤ 10 (mm).
(9)

The history of the objective function value during iteration is shown in Fig. 4. After 61 iter-
ations and 473 function evaluations, the optimal process stops when the size of the current step
is less than the selected step size tolerance and the constraints are satisfied. The original and
optimal response orbits of the model are shown in Figs. 5 and 6. The values of the design vari-
ables and constraints that correspond to the original, starting, and optimal points are shown in
Table 4.

Table 4. Comparison of the optimal and original results.

Original
value

Starting
value

Optimal
value

Percentage error
between optimal

and original value
[%]

Design
variable

x1 [mm] 3.175 3.175 3.1946 0.62 (increase)

x2 [mm] 0.8 0.8 0.988 23.5 (increase)

x3 [mm] 4.105 4.505 1.217 70.35 (decrease)

x4 [mm] 6.2 2.1 8.999 45.14 (increase)

x5 [mm] 1.3 5 1.389 6.8 (increase)

Nonlinear
constraint

zc [mm] 14.8 14.6 13.85 6.42 (decrease)

∆δΩ [% ] 2.6 2.5 2.8 7.69 (increase)

δΩ [m] 8.33 × 10−9 3.2 × 10−8 6.756 × 10−10 91.89 (decrease)

Log(δΩ) −8.08 −7.5 −9.17 13.5 (decrease)

ϕΩ [rad] 1.82 × 10−3 2.5 × 10−3 0.28 × 10−3 85 (decrease)
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Fig. 4. History of the objective function of the lateral response.

a) original response orbit at the steady state b) optimum response orbit at the steady state

c) original amplitude response d) optimum amplitude response

Fig. 5. Original and optimal response orbit and amplitude of the drill point.
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Fig. 6. Lateral responses at the drill point of the original and optimum micro drills.

Figure 5 shows a comparison of the results, which indicates that the optimal response orbit at
the steady state is smaller than that of the original one (Figs. 5a and 5b). As shown in Table 4, the
percentage error between the optimal and original value of the lateral amplitude response is 91.89%.
Figure 6 illustrates the rotational responses of the original and optimal drill. In this optimization
run, the first critical speed value moved from 2.073 × 105 r/min to 2.293 × 105 r/min, beyond the
operating speed Ω. The lateral amplitude of the optimal micro-drill is smaller than that of the
original micro-drill under cutting with a rotation speed of 50 000 r/min. In addition, its value at
the first peak is decreased from 1.799 × 10−5 m to 2.604 × 10−6 m.

The sensitivity of design variables to the objective function is analyzed to examine the effects
of the variables on the lateral displacement (δxΩ) that corresponds to the vertical axis in Fig. 7.

Fig. 7. Chart of local sensitivity curves.
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The horizontal axis in Fig. 7 describes the percentage change of the design variables evaluated by
Eq. (10).

xi = xoptimum
i ± 20% ⋅ xoptimum

i ; i = 1,5, (10)

where xi, and xoptimum
i are the design variable and the optimal value of each design variable,

respectively. Figure 7 shows the diameter of the lateral amplitude that corresponds to design
variable x1 being reduced, thereby exhibiting the most significant change among other design
variables. Hence, design variable x1 has the greatest influence on the lateral displacement at the
drill tip. In this numerical example, owing to the fact that the increase in the cross-sectional
diameter increases the stiffness and the enhancement of the diameter lowers the lateral amplitude,
the objective function decreases when the percentage change that corresponds to design variable
x1 increases.

4.3. Discussion

In the above numerical example, the micro-drill was optimized at a working speed of 50 000 r/min;
however, the drill can work at other speeds if the spindle can provide such speed. Therefore, it
is worthy of doing drill optimization at different working speeds. Another numerical example at
a speed of 100 000 r/min near the first original critical speed was carried out with the same input
parameters. Figures 8 and 9 illustrate the history of the objective function of the lateral response,
and optimum response orbit at the steady state, respectively. The values of design variables are
x1 = 3.2825 × 10−3 m, x2 = 0.65612 × 10−3 m, x3 = 0.101 × 10−3 m, x4 = 6.082 × 10−3 m, and
x5 = 5.422 × 10−3 m. Figure 10 summarizes the lateral responses of the original and two optimal
drills. The first critical speeds of the original drill, optimal drill at 50 000 r/min, and optimal drill
at 100 000 r/min are 2.073×105 r/min, 2.293×105 r/min, and 2.474×105 r/min, respectively. Their
peak values are 1.799 × 10−5 m, 2.604 × 10−6 m, and 2.352 × 10−6 m, respectively. Compared to the
optimal drill at 50 000 r/min, the critical peak of the optimal drill at 100 000 r/min is further away
from the original peak. For the spindle speed of 50 000 r/min, the second optimal drill has smaller
amplitude than that of the first optimal drill as shown in Table 5. Therefore, theoretically the second
optimal drill is better than the first one at the speed of 50 000 r/min. However, it is challenging
to manufacture such drill because the length of the first conical segment (x3 = 0.101 × 10−3 m)

Fig. 8. History of the objective function of the lateral response for the case of 100 000 r/min.
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Fig. 9. Optimum steady state orbit at 100 000 r/min.

Fig. 10. Lateral responses at the drill point of the original and two optimal micro drills.

is quite small. Hence, with regards to manufacturing capability, the designed drill optimized at
50 000 r/min is considered to be a better choice.

Table 5. Comparison of the original and two optimal drills.

Original drill
at 50 000 r/min

Optimal drill
at 50 000 r/min

Optimal drill
at 100 000 r/min

Amplitude δΩ [m] 8.33 × 10−9 6.756 × 10−10 3.502 × 10−10

The 1st critical speed [r/min] 2.073 × 105 2.293 × 105 2.474 × 105

The 1st peak value [m] 1.799 × 10−5 2.604 × 10−6 2.352 × 10−6
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5. CONCLUSIONS

The structure optimization of the MDS micro-drill was introduced to improve cutting quality. The
results showed that the lateral vibration of the optimal drill decreased by 91.89% at a cutting speed
of 50 000 r/min. The first critical speed of the optimal micro-drill exceeds the required operating
speed to prevent resonance during the cutting process. A comparison among the design variables,
i.e., the diameters and lengths of the drill segments, indicates that the drill shank diameter has the
most significant effect on the lateral displacement at the drill tip. The Union MDS micro-drill tool
with a 0.1 mm diameter is used as a benchmark, and the performance of drill dynamics can be
further improved by our optimum design strategy. The shape of the micro-drill as shown in Fig. 1
is an industrial standard for the PCB industry. The authors assume that the design method can
be also applied to other micro-drills of different sizes.

APPENDIX: SHAPE FUNCTIONS AND ELEMENT MATRICES

Shape functions of translating displacements:

Nt1 =
1

1 + r
[1 − 3ξ2 + 2ξ3 + r(1 − ξ)] , (A1)

Nt2 =
L

1 + r [ξ − 2ξ2 + ξ3 + r
2
(ξ − ξ2)] , (A2)

Nt3 =
1

1 + r
[3ξ3 − 2ξ2 + rξ] , (A3)

Nt4 =
L

1 + r [−ξ2 + ξ3 + r
2
(−ξ + ξ2)] . (A4)

Shape functions of rotational displacements:

Nr1 =
1

(1 + r)L(−6ξ + 6ξ2), (A5)

Nr2 =
1

1 + r
[1 − 4ξ + 3ξ2 + r(1 − ξ)] , (A6)

Nr3 =
1

(1 + r)L(6ξ − 6ξ2), (A7)

Nr4 =
1

1 + r (−2ξ + 3ξ2 + rξ). (A8)

Shape functions of torsional displacements:

Nϕ1 = 1 − ξ, (A9)

Nϕ2 = ξ. (A10)

Composed shape functions:

[N e] =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Nt1 0 Nt2 0 0 Nt3 0 Nt4 0 0

0 Nt1 0 −Nt2 0 0 Nt3 0 −Nt4 0

Nr1 0 Nr2 0 0 Nr3 0 Nr4 0 0

0 −Nr1 0 Nr2 0 0 −Nr3 0 Nr4 0

0 0 0 0 Nϕ1 0 0 0 0 Nϕ1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (A11)

ξ = z

L
, (A12)

r = 6E(Iu + Iv)
ksGAL2

. (A13)
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