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A description of the play, that may be applied to many other problems, is the basis of the model of a beam
system presented in this paper. Equations describing the motion of the system of spring elements under
dynamic load have been derived taking into consideration the play occurring between the elements. The
equations have been derived according to the Hamilton’s variational principle. The play has been treated
as a force interacting between the elements whose value depends non-linearly on the mutual distance of
the contact places. The function that defines the elements’ interacting force may be easily enriched with
elements responsible for the energy dissipation, eg. friction. The value of the method presented was proved
by the carried out comparative analysis. The equation obtained has been used for an example which the
finite elements method (modal technique) has been applied too for comparison. In order to make the
comparison more complete, the calculations have been performed not only for the beam model but for a
full spatial model as well (basing on the shell model).

1. INTRODUCTION

The behavioural analysis of technical structures is a complex problem due to both the scale and the
quantity of occurring phenomena. A correct modelling, i.e. a mathematical mapping, of this com-
plex reality is the basic problem which a contemporary engineer deals with. Despite the existence of
many solutions for the general theoretical problems, there are many detailed problems, or specific
realizations in technical applications which have to be solved. During the past few years one could
notice an especially effervescent development of numerical methods and applications of computer
methods which allowed to solve many very difficult problems, or those that could not be solved in
other ways. For those problems a correct modelling gets additional importance since, beside the
problem of correct reality mapping, there also emerge the problems of numerical presentation, i.e.
of discretization. The development of the numerical methods lasting for tens of years has led to
some standarizations in the approach to the problems of mechanics. This is clearly evident from
the example of the selection of computational methods in which the finite elements method (FEM)
and that of boundary elements (BEM) determine a classic approach to most of numerically solved
problems, and predominate certainly in practical problems. One should, however, bear in mind
that despite the whole comfort of the mentioned numerical methods, many problems may be solved
equally effectively, and in many cases even better, either by other methods or approaching a spe-
cific problem individually. This paper presents an attempt to model selected processes that occur
within a structure of two beams interconnected telescopically. This attempt consists in describing
the motion of the beam system, thus it contains a simplified local analysis of the system in that
nonlinear phenomena appear in a form taking into consideration the plays at the contact between
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the system elements. A coupling function in the play zone has been applied that should allow for
a free shaping of the play model and the consideration of such phenomena as, for example, fric-
tion within the model.

2. THE MODEL OF A TWO-ELEMENT BEAM SYSTEM

Let us try to define an equation which describes the motion of the model of two telescopically
interconnected beams (elements) making the following assumptions:

e the strains of the elements are small (the Green’s tensor of strains has only linear elements [9];

e the speeds of the strains are low (the material derivative becomes a partial one, and according
to the first assumption, the Lagrange’s description is in conformity with the Euler’s description
for low values of the first order [5, 8];

e to concentrate attention, it has been assumed that the load acts only in the plane perpendicular
to the beams (axial forces are omitted), and that there is no torsion;

e the interference of the elements results from the forces of reaction during a nonlinear elastic
collision.

2.1. Variational formulation of the problem

The Hamilton’s variational principle will be used as a starting point for further considerations (this
principle has been studied by many authors, e.g. in [6, 7, 10, 13, 15] or [20, 22]), in a form that
takes into consideration the occurrence of non-potential forces within the model:

d Hw;| = /O(W K)dt — //X dwldudt—//xlbw,dsdt =1, (1)
t1 Sy
where:
K — kinetic energy of the system,
W — strain energy of the system,
w; — components of the field of displacements,
X; — mass forces,
x2; — boundary forces,

V - area of the body,
Sy - edge of the body on that external loads are imposed.

The Hamilton’s variational principle states that, out of all kinematically allowable fields of
displacements, only the real, natural field of displacements extremizes the above functional within
the time interval from ¢; to t;. As kinematically allowable is considered a field which is defined
for the time moments ¢; and {9, and within the whole time interval for the area S, in that the
displacements are pre-set. The necessary condition for the extremization of the H functional is the
variation to be equal to zero.

Using the above assumption, it is possible to define the values occurring in formula (1) for the
beam.

The elastic energy W is:

l l
1 1 Pw
W.= | @dv ={¥=F.x[0,i]} = —oedfdr = - | EI (—) dz, (2)
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where:
¢ - elastic potential,
o — field of stresses,
e — field of strains,
EI - beam stiffness,
w(z) - field of displacements,
F — cross-sectional area.

The next expression represents the form of the kinetic energy of the beam:

l 2
Lol o 8w 0w )
k= 50/ {m (§> ¥y (_axat) } dz, (3)

where:
m — mass length unit of the beam,
I, — mass moment of inertia of the section per unit length.

The inter-element loads acting within the system are presented in the schematic drawing ¢
(Fig. 1).
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Fig. 1. Schematic drawing of the elements intereference

2.2. Model of the play

As seen in the Figure (Fig. 1), a model has been assumed in which the interference of the elements
are replaced by the force of a nonlinear spring. The process of collision is the basic problem in
describing the interaction of the two elements. The collision model should provide a piece of infor-
mation about the values of the collision forces and their duration. Different models are used in the
practice (e.g. [11, 19, 20, 27, 30]), for instance the Herz’s model, or the more general Sztajerman’s
model. An analysis of a motion of a rigid body between two bumpers may be found, for example, in
(10] or [12]. In this paper, a certain modification of the function suggested by Jones and Muszyriska
(12| for a two-mass system model has been used; in the latter model one of the masses moves
between two massless bumpers (the occurrence of plays between the mass and the bumpers has
been assumed) whereas the other mass performs a flat motion.
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Let the function F' define the interference force of the spring connecting the elements at the spot
of their contact:

—k1|ly+ A" for y<-A
F(y) = 0 for —A<y<A , (4)
ke ly — Al"™  for y>A

where:
y — distance of the co-operating elements,
k1, k2 — constants depending on the elastic properties of the materials, we assume k; = ko,

n — index depending on the assumed collision model, e.g. for the Herz’s model n = 3/2,
in the paper [19] n = 3; here, to concentrate our attention and to check the influence of
the contact model on the results obtained for the example solved at the end of this articl
it was assumed that n = 2,

2A - play between the co-operating elements.

One may easily see that, for the index assumed, the function is a continuous one and has a
continuous first derivative. Besides, it allows to differentiate the collision model according to the
displacement direction of colliding objects, i.e. it allows to distinguish a left-side collision from a
right -side one. By modifying the function as proposed in [12]:

i
¥ = S[1 +sign(y - A)], (5)
where:

1 sidor 1 2.0
sign(z) = g -for z=0 (6)
-1 for <0

we may write the function (4) in a convenient form:

F(y) = k(y + A)*9(=y) + k(y — A)*¢(y). (M
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Fig. 2. Diagram of the function of the contact zone intereference
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This function makes it possible to take into consideration the friction appearing during the dis-
placement of the elements in a simple form:

F(y) = —k(y + A)*p(—y) + k(y — A)*P(y) + pNsign(&), (8)
where:
pu — coefficient of friction,
N - pressure,

& — relative speed of the elements at the spot of contact.
A diagram of the function (4) is presented in Fig. 2. To make the notation more clear, the friction
has been omitted in further considerations.

2.3. Variational equations for the two-element system with plays taken into account

For the values assumed it is possible to write the Hamilton’s variational principle for the two-element
system. The basic derivation of the Hamilton’s principle for a beam, using the Rayleigh’s equation,
may be found in [6, 15, 22] or [30]. Taking into account the Egs. (1), (2), (3) and (7) notening
additionally that also potential forces q are active within the system and making appropriate
operations, the following system of two variational equations was obtained:

1
w O%w 0%w 826w
/(/Eha 7 sl 0/(m1w6w+11p6 o at)dx) dt
it / (S wt AP —w) + kit (= w — An)P(W — 1) |oe, Owdt

i / (—k1a(u— w+ As2)2(u — w) + kgt — w— Asz)*(w — 1) oz, Swdt

ta 1
—//qléwdxdt =0
tp O

(9)
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An additonal assumption has been made that both the elements are made of the same material.
The following indexing rule is valid in the formula (9): the first index indicates the belonging to
the element, the other one shows the place of contact. For values with double indexes the following
relation occurs:

Ai]' = A(i-l—l)j for ©= 1, ] = 1, 2
Besides, the following denotations were made:
u — allowable kinematic displacement for element 1,

w — allowable kinematic displacement for element 2.
Figure 3 explains the remaining denotations.
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Fig. 3. Model assumed for calculations along with the denotations made

It is worthy of notice that when taking into account friction, the form of the equations becomes
only extended by an element which defines the forces of friction at the place of contact.

Finally, it may be noticed that the equations derived earlier apply to a flat motion, thus the
expressions pertaining to the inter-element friction include a non-defined factor, i.e. the pressure.
If the problem is to be treated spatially, then the pressure at the places of contact (the existence of
sliding movements is assumed) would be a simple consequence of the existence of coupling forces
as defined by the formula (8). If the previous denotations are assumed, then, adding only indices
which define the plane (Fig. 4) to which a given magnitude applies (y for the XY plane, z for the
XZ plane), the coupling force within the XY plane can be expressed as:

Fy(y) = —ky(y + 8y)%90(=y) + ky(y — 8,)*P(y) + 11y Fo (2)sign(y) (10)
and
Fo(2) = —ko(2 + A2)*P(=2) + k(2 — A2)%(2) + 1. Fy (y)sign(2) (11)

for the XZ plane where all the denotations are as previously and of the introduced indexation
scheme is maintained.
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Fig. 4. The applied coordinate system

3. METHODS OF SOLVING THE PROBLEM OF THE DYNAMICS OF A TWO-ELEMENT
SYSTEM

The best way to solve Egs. (9) is to use the direct methods. There is a number of methods available.
The Ritz’s method is one of the most common ones, examples may be found in many papers, e.g. |7,
10, 14, 15, 23, 24, 25]. A version of the generalised Ritz’s method, often used in dynamic analyses
is called the Kantorowicz’s method [7, 10, 15, 23] in which the solution of Eqgs. (9) is adopted in
the following form:

N
wN(2,1) = 3" ai(t)pi(x). (12)

i=1

A disadvantage of this approach is the necessity to solve a system of differential equations. On
the other hand, algebraic equations have to be solved using the Ritz’s method.

3.1. The Kantorowicz’s method

To derivate the equations, it is most convenient to use the approach applied in [28], e.g. in the
finite elements method. This simplifies the problem given by Eqs. (9) to a statical one (Lagrange’s
functional) in which dynamic interferences are taken into account by enriching the mass forces by
forces of inertia and forces of damping. In the index denotation it is:

—plii — p; (13)

Here, to make things simpler, the rotational inertia of the section is not taken into consideration.

In expression (13), the first element represents the forces of inertia (p — density), whilst the
second one represents the forces of damping (u — coefficient of damping). In order to derivate the
Lagrange’s function, it is possible to define the functional space whose elements will constitute
vectors of kinematically allowable displacements u*, (Berdyczewski [1]). Such a space is defined as
follows:

W* 5 (ol S5 8) = =0, 2/€:55, 8 exctyity >yu/4,5 = 1,281} (14)
Elements belonging to the boundary Sy, on which there are some defined displacements, are
denoted with the mark ~ in the definition (14). If any element u} belonging to the space of

kinematically allowable displacements W* is taken, and the equation of equilibrium (using the
Einstein’s summation convention):

0ijj + Xi = plii + pi; (15)
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(where o;; is a tensor of stresses, X; are vector fields of mass forces) is multiplied by this element
and integrated over the area occupied by the body:

[ @5+ X = pis — i) utdw = 0, (16)
14

this equation may be further transformed to the form:
/ ((aiju’{)’j — oiju;*’j 2z X,-u;-' - pﬁiu{ - /.l,’l't,"u;r) dv = 0. (17)
v

Further transformations may be carried out applying the Green’s theorem to the first term on
the left side and considering the boundary conditions (u} = 0), while the definition of a linear
tensor of strains is applied to the second term of the expression (17). Taking into account the above
considerations, the following equation is obtained:

/aijs’{jdu - / (X — pli; — pr;)udv +/x,-u;*ds. (18)
1% . 3
In this equation the denotations are the same as in the formula (1). Kinematically allowable

displacements u* should be treated as variations of displacements. At this place, it is worthwhile
noting that the variational equation obtained may be written in the form:

a(ui, ’U,:) = f(u:) ’Vul‘-'GWH (19)

in that a(ui, ui*) is the left-hand side of the Eq. (18), and f(ui*) is the right-hand side of the same
equation. As may be easily checked, the functional obtained is a variation of the functional in the
following form:

Jw) = 300w, w) ~ f(w) (20)

If, further on, for Eq. (18) an procedure analogical to that of deriving the expression (9) is used,
the searched form of the Lagrange’s functional variation for the problem of two moving, overlapping
beam elements is obtained. The zeroing of the variation is a necessary condition to extremize the

functional. For the problem shown by Eq. (18), taking into account the inter-element forces, it is
as follows:

]
0w 6% 3
/Efla—;;)—a—x—;gdw - (—ku(u —-w+ A11)2¢(u - w) + ku(u — Y - A11)2¢(w ey u) |z=1:1 ow
0
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