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Filtration in cohesive soils: numerical approach
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Paper presents a numerical method for solving the initial boundary-value problem for a certain quasilinear
parabolic equation describing the low velocity filtration problem. The convergence of the method is proved.

1. INTRODUCTION

The paper concerns the numerical solving of the nonlinear problem of filtration of water through
cohesive soils.

Consideration of a nonlinear model of filtration instead of the classical linear one based on the
Darcy law is motivated by significant discrepancies between theoretical results based on the linear
model of flow and experimental data. These differences, visible in the range of low velocities (for the
so called prelinear filtration flows) provided the starting point for the new constitutive formula for
the flow (cf. [10, 11] and references therein) and, in consequence for the new mathematical model of
the prelinear filtration flows which is described by the inital boundary-value problem for a certain
quasilinear parabolic equation.

The accurate numerical modelling of ground water flows is of a crucial importance in many
important design and exploitation enterprises. For example, the prediction of the behaviour of the
ground water in peats is required for the drainage design and control of boggy terrains. The high
accuracy modelling is important in the case of the earthern dam monitoring. Yet another applica-
tion consists in using computed results in identification and updating the permeability parameters
(see [12]).

The numerical solving of quasilinear parabolic equations has been considered by various authors,
see e.g. works [2, 10, 13, 16] where further references can also be found.

The monograph [2] and the work [13] concern the case when nonlinear terms depend on the
unknown function, not on its derivatives. Zlamal in [16] discusses equations modeling the heat
transport. The paper contains important observations concerning discretization procedures. In [13]
the estimates allowing to get some information concerning the speed of convergence of the proposed
method has been obtained. However to get such results it was necessary to make rather strong
assumptions concerning the regularity of solutions: the piecewise continuity of the second derivatives
of h with respect to the spatial variables and C?-continuity in ¢ in the interval [0, 7], which in turn
required strong regularity conditions on the considered equation.

In the present paper regularity assumptions imposed on parameters of the model have been
considerably weakened. Their regularity seems to be more adequate to the physical characterization
of parameters describing the process. As a result, one can only expect the weak solution of the
equation of the prelinear filtration.

Section 2 of the paper presents the mathematical formulation of prelinear filtration based on a
new constitutive formula in the local and the weak (variational) formulation. The latter provides the
starting point for the numerical treatment of the problem, which is discussed in Sec. 3. Section 4,
containing the main results of the paper, discusses the mixed scheme for solution of Galerkin
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equations. The MUBS package of programs and numerical experiments are described in Sec. 5. The
last paragraph contains conclusions. Proofs are given in the Appendix.

2. WEAK FORMULATION

Denote by R? the Euclidean 3-space with the scalar product Eln) =33, &mi (€= (&), n=(m:))
and the norm [|£]| = /(€[€). 852, 2 denote respectively the boundary and closure of the set 2.
n(z) is the unit vector of the outer normal to 82 at z. Vh is the gradient of h : 2 — R, divv is
the divergence of the vector function v : 2 — R®. The following formula (cf. [11])

v(t, z, Vh) = o(t,z, ”L Vh’”)L Vh 1)

relating the filtration velocity vector v with the gradient of the piesometric height distribution A in
the porous medium will be used. In (1) L = L(t,z) = (L;;(t,2)) denotes the 3 x 3 symmetric matrix
(an anisotropy matriz) such that for all £ € R3, £ £ 0 0 < l||¢[|? < (€|L€) < I°]|€]|%. The function

@ is given by
(
M (l—s—o(l—exp (—-01))), forr > FE
r So

o(t,z,r) =< M [é (30 — (80 +0E)exp (—0;?))

280 230 ) ( 0E))]
s #19 aris E > r>o.
k+(1 E+<E+6’ exp 5 e () B> O
M

Here M, Sp,0 are assumed to satisfy the following conditions: 0 < @ < 1 and —E—ﬁ(So — (So +

0F) exp(—?SE) > 0.
0

The quantities l;;, M, Sp, 8, characterize the physical properties of the medium, in general, they
may depend on the time ¢ and the position 2 and in that case they are assumed to be functions
strongly positive and bounded in their domain of definition and so regular (e.g. continuous differ-
entiability with respect to t and z suffices) that ¢ is continuously differentiable in ¢ and r € [0,00)
and continuous in z. The constant E has no physical significance; it is a computer acceptable small
real number, introduced to the formula to make ¢ sufficiently regular.

Assuming v is given by (1), the prelinear filtration in a body occupying the domain (an open,
simply connected and bounded set) 2 C R® during the period 7' of time is described by the
piesomeric height distribution & : [0,7]x 2 — R being the solution of the following initial boundary-
value problem for a quasilinear parabolic equation:

Bp(t,x) % =divv+Q for (t,z) € (0,T]x 2

h(t,z) = ho(t,z), for (t,z) € (0,T]x 821, h(0,z) =ho(z) for z € Q.
(n(x)|v(t,z, Vh)) = q(t, x) for (t,z) € (0,T] x 082, 082 =92\ 042.

The functions appearing in the formulae above describe various influences (external and internal)
on the filtration process. Q describes the joint influence of the intensity of sources and the strain
velocity of the skeleton. 3 is the coefficient of the water compressibility, ¢ is the intensity of the
boundary flux.

It is assumed that the domain and functions are sufficiently regular to make the formulas above
meaningful (see [11] for details). In particular, it is assumed that 82 is piecewise C! and the
boundary of the set 912; relative to 92 is so regular that the function hy € CY([0,T]; C*(842,)) can
be extended as a C* function on the set [0, 7] x 2.
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Before stating the variational formulation of the problem above some extra notations will
be needed (consult [3] for additional informations). L2(2) denotes the Hilbert space of square
summable over (2 real functions with a scalar product (u,v) = [,u(z)v(z)dz and a norm
lullz2(ey = {u,u). HY(2) = {u : u,Diu € L*),i = 1,2,3}, where D;u stands for the
weak (distributional) derivative of u with respect to z;, is the Sobolev space on £2 of order 1.
lull3 = (u,u0) + S, (Diu, Diu). v1 : HY(2) — L2(852;) denote operator of trace on 2;. Set
V ={ue H(2) : qu = 0}, B = L*(0,T; V). Let V' be the dual to V with the duality relation
(9:€) (g € V', &£ € V). Note that for g,& € L?(£2) the duality (g,¢) reduces to the usual scalar
product (g,&) in L2(£2).

Finally, put W = {u : u € B, € B'}, where B = L(0,T;V) and B’ = L?(0,T;V").

For the numerical treatment of the prelinear filtration problem it will be convenient to apply
the weak formulation of the problem which can be stated as follows: For a fixed, arbitrarily chosen
a € C'([0,T] x 2) such that v a = hy find a function u : [0,7] — V satisfying

Coud) t AL U) +a®) = AO,  teOT), u0) =k, ueW, @)

(the derivative d/dt is understood in the distributional sense), where a(t) = a(t,-), f1(t) = f(t) —
Cd/(t) and hy = hg — a(0,").

The function f € C%0,T;V’) and operators A : [0,7] x V — V', C : V! — V' are defined by
the formulae:

1
(618 = 5om r[ Q)@ de+ [ ot 0)e(a)do |,

a2y

(A(ta(t) +u), &) = [#(t)/(v(t,r, V(a(t) +u))|VE(z)) dz, £€V,
2

(C’LU,&) =5 (w’e€>7 w e V,1 § eV

Note that W C C°0,T; L*(£2)), hence u is continuous in ¢ and the initial condition in (2) is
meaningful, moreover the function h = u + a is independent on the choice of a.

It can be verified (cf. [10, 11]) that under the conditions stated, concerning v, 3, p the operator
A(t, h) is strongly monotone and coercive with respect to h uniformly in ¢ € [0, 7], derivatives
(0/0t)A(t, h), DpA(t,h) = A'(t,h) (D denotes the Frechet derivative) exist and are contiuous, C
is linear, invertible and continuous, hence (2) has the unique solution u € W.

3. GALERKIN APPROACH

Let {Xn}, dim X, =n, X, C Xp41, (n = 1,2,...) be a sequence of spaces approximating V i.e.
he1 Xn is dense in V. As in [11] approximate (2) by the system

c "“;f" + An(t,a(t) + ua(t) = fin(t), un(0) = (h1)n, %

where (h1)n is the projection of h; on X,,. The maps C,, A, and fin are defined respectively by
(Cah,§) = (Cu, ), (An(t,a(t) +u),€) = (A(t,a(t) + 1), &), (fin(t),€) = (f(t),€) (u,& € Xa).
Since X, is closed and finite dimensional, from the differentiability of A and the continuity
of fi it follows that A, and fi, are continuous in ¢ and A, is Lipschitz continuous in u,, hence
the Cauchy problem (3) has the unique solution u, € C'(0,T;X,,) (see e.g. [4, Chapt. ITI]). The
function h,, = a + u,, where u, satisfies (3) and approximates the solution & of (2) in a sense that

Jim_ ||k — hllcgo,r;z2(2)) = 0. (4)
(see [11, Thms 2 and 3]).
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4. MIXED SCHEME

Now we are going to describe the numerical method for solving the initial value problem (3) which,
for the sake of simplicity, for fixed n € N, will be written in the form

R@)u(t) =r(t),  w(0) = (h1)n, (5)

where R(t)u(t) = c,,d’;—f) + An(t,a(t) +u(t)), u(t) € Xn, (t) = fin(d).

Let 7 € (0,t0) be fixed and let S denote the time—grid over the interval [—-7,T : S = {ri: i =
~1: 0 vk aTh
Denote by g = g|s the grid function corresponding to the function g defined on [—7,T]. Set

gt = g-(iT). Let V, W denote the spaces of grid functions defined on S with values respectively in
X, and X}, (X!, = Cn(Xy)) equipped with norms

e ||k = max{|jul] : i = —1,0,...,k}, |lorll}, = max{|jvi|lx; : i = —1,0,...,k},
where || - || is the norm in X, defined by ||u|| = v/{Cnu,u) and || - ||x: is the norm in Xj,, arbitrarily

chosen.

Let R, : S x V — W be the three-level linearized difference approximation of the operator R
defined by the formula:

o] : ; e ! 2 3 ¢ :
(Rrur)' = EC’n(U’T+1 = us )+ Ajul+ 5(1‘1%)’(1#;rl - 2u; +u ), (6)

with ALu; = A(iT,a(i7) + u3), (A)" = Ap(iT,uh), (AL(t, w)h, €) = (A'(t, w)h, §).
The difference scheme for (5), associated with R, has the form (cf. [13]):
Rrur =14, u:l = U(-7), u?- = (h1)n, (7

where i € CY(—to,T; X,,) is given, and u, : S — X, is an unknown function, which leads to the
system of algebraic equations for unknowns uit!:

(Reu) =18,  i=0,...,k=1, uwl=i(-7), = hn (8)

Note that one can approximate R by the two-level Crank-Nicolson difference operator L, defined
iark ; TR R e

by (Lyu, ) = ;C’n(u’T“ —ul)+ E(A:,“ufr“ + At 4t). The corresponding difference scheme assumes

then the form (L,u.)! =ri,i =0,1,...,k—1, u = (h1)n. Its convergence has been proved in [10].

The function @ is introduced to provide the additional initial data required in the case of the

three-level schemes. The proper selection of @ improves the accuracy of computations. As a matter

of fact, the influence of % on u.,, introduced for computation purposes, can be made as small as
desired, which is a consequence of the following convergence result.

Theorem 1. If A and f satisfy assumptions stated in [11], then the difference scheme (7) for the
Galerkin initial problem (8) (or (5)) has for any T € (0,to) the unique solution u, such that

P_r{b lur — ullkr =0,

where u denotes the solution of (5).
As an immediate corollary of Theorem 1 we get the result clarifying the relationship between

the approximate solution of the Cauchy problem for the Galerkin equation and those of the initial
value problem (2).

Theorem 2. Assume the conditions of Theorem 1. Let h € W C C(0, T} L?(02)) be the solution
to (2) and let hnr € V be the solution to (7) corresponding to i, € C'(—to,0; X,). Then for an
arbitrarily chosen, fized i,

lim [|A = hp|lr =0,

n—oo

r—0
where ||lull; = max{||u(it)||2(n) : i =0,1,...,k}.

B b i L
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Proof of Theorem 2. By the triangle inequality and definitions of || - ||, || - ||, || - ||+, it follows that

lh = harllr < [lh = hnllr + lhn = Bnrlls < Ik = hallco,rzz @) + 1A = Aorllkr-
By (4), the first component tends to zero as n — oo. Theorem 1 implies that the second member
also converges to zero.

5. MUBS PACKAGE

The mixed FE/FD scheme described in this paper has been implemented as a part of the package
of programs MUBS (Multipurpose Underground Basin Simulator).

MUBS routines are focused mainly on solving various kinds of nonlinear filtration problems.
Generally, they fall into three groups according to their purposes.

The first group is aimed to one- or two-dimensional free surface stationary or nonstationary
filtration in medium grained layers described by Dupuit-Forcheiner and Boussinesq equations.
Lagrange first degree triangles are used for spatial approximation and weighted Crank—Nicolson
scheme in nonstationary cases.

The second group of routines may be applied to the prelinear as well as to the linear Darcy
filiration in a saturated soil. Both the two-layer Crank—Nicolson and the three-layer linearized
schemes are employed.

The third group provides tools for the permeability parameters identification giving methods of
solving inverse problems (see eg. [13]) and processing the measured data (like grain size distribution,
cracks widths, their directions and frequencies).

The basic version of MUBS codes have been implemented in a traditional way, using procedural
programming technique in FORTRAN and C++ languages and may be run on a single-processor
computers. Both PC and UNIX platforms are available as well as the special version for vector
units CONVEX series 3200 and 3800 with the extensive use of VECLIB library for tiering linear
algebra operations. The full documentation of the MUBS package can be provided by authors upon
a serious request.

The MUBS applications are embedded in the graphic-network OCTOPUS environment (see [1])
which provides pre- and post-processing operations like automatic mesh generation and adaptation
or visualizing the piesometric pressure or the filtration distributions.

The MUBS package has been extensively used in numerous geotechnical designs. Two of them
will be briefly reported below.

Comparison of simulated pressures with the measured ones in consolidated organic
soils. A one-dimensional vertical ground water flow under the center of a prismatic embankment
(cf. Fig. 1) founded on two organic strata (peat and gytia) has been considered.
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Fig. 1. Cross section through the consolidated organic layers






